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         + a(t)       + b(t)       + c(t)y(t) =

1. Introduction
Singularly perturbed third order two-points boundary value problems have been received a significant attention in past and 
recent years. It arises in many areas of both physical and biological sciences such as in fluid mechanics, particle physics, 
combustion processes and decay of specimen in biology sciences. These problems depend on a small positive parameter (ε) in 
such a way that the solution varies rapidly in some parts and varies slowly in other parts. An extensive study and analysis have 
been carried on for more than two decades. A good amount of research works is reported on the qualitative and quantitative 
analysis for singularly perturbed of boundary value problems [1-4].
In this study, we consider Third order singularly perturbed convection-diffusion perturbedboundary value problem of the form:

(1)  
 

With boundary conditions
                                              

(2)
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Two point boundary value problems for third order singularly perturbed ordinary 
differential equation in which the highest order derivative is multiplied by perturbation 
parameter ε was examined. Exponentially Fitted Collocation Approximate Method was 
proposed and employed to assess the effect of perturbation parameter (ɛ) on the highest 
derivation of the singularly perturbed convection-diffusion equation. The perturbation 
parameter (ɛ) was varied from 0.5 to 0.1 and obtained the corresponding solutions of 
y(x). The results demonstrate that this method is very convenient for solving boundary 
value problems and also can be successfully apply to a lot of practical engineering and 
physical problems.
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Where a(t), b(t) and c(t) are smooth function, α, β, γ are known constants and ε is perturbation parameter.
In recent years, several studies concerning computational analysis are resisted to second order boundary value problems 
where only few results are available for higher order equation [5,6]. The behaviors of singularly perturbed boundary value 
problems depend on value of perturbed parameter ε. If we set ε = 0 the equation (1) reduce to second order differential equation 
which is also well- posed and ε > 0 equation (1) is remain third order singularly perturbed ordinary differential of convection-
diffusion type.Singularly perturbed ordinary differential are usually difficult to solve analytically so it is required to obtain the 
approximate solution. So the present work will serve as an alternate technique to solve the SPBVP. 
The first contribution of this work is to assess the effect of perturbation parameter ε from 0.5 to 0.1 on the highest derivative 
of the equation (1). Second contribution is to demonstrate the applicability of the present method to solve linear problems with 
left end boundary layer are considered. Table 1 computational results of absolute error is presented and it is observed that the 
present method has very low error when epsilon is higher whilecomparing to analytical solution.

1.1 Definition of Chebyshev Polynomials
The Chebyshev polynomials of first kind can be defined by the recurrence relation given by
                  

Thus, we have

        (3)

Table 1. The First Ten (10) Chebyshev Polynomials

TN (t) Chebyshev Polynomials    

T0 (t) 1
T1 (t) 2t - 1
T2 (t) 8t2 - 8t + 1

T3 (t) 128t4 - 258t3 + 160t2 - 32t + 1

T4 (t) 128t4 - 258t3 + 160t2 - 32t + 1

T5 (t) 512t5 - 1280t4 + 1120t3 - 400t2 + 50t - 1

T6 (t) 2048t6 - 6144t5 + 6912t4 - 3584t3 + 640t2 - 72t + 1

T7 (t) 8172t7 - 20672t6 + 39424t5 - 26880t4 + 9408t3 - 1568t2 + 98t - 1

T8 (t) 32768t8 - 131072t7 + 212992t6 - 180224t5 + 84480t4 - 21504t3 + 2688t2 - 128t + 1

T9 (t) 131072t9 - 589824t8 + 1105920t7 - 1118208t6 + 658944t5 - 228096t4 + 44352t3 - 4320t2 - 1

T10 (t) 52488t10 - 2621440t9 - 5570560t8 + 6553600t7 - 4659200t6 + 2050048t5 - 549120t4 + 84480t3 - 6600t2 - 200t + 1

2 Descriptionof Numerical Technique
In this section, we present and employ exponentially fitted collocation approximate method in [7] to examine the effect of 
epsilon (ɛ) on third order singularly perturbed convection-diffusion equation (1).
Approximate solutions used are of the form:
 i. The Power series of the form  

                     (4)

  ii. The Exponentially fitted approximate solution of the form:
 

                (5)

T0 (t) = 1
T1 (t) = 2t - 1

TN+1 (t) = 2(2t - 1) TN (t) - TN-1 (t)        N ≥ 1

yN (t) = ∑q = 0 sq t
q N

yN (t) ≈ ∑q = 0 sq t
q + τ3 e

tN
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where t represents the dependent variable and τ3 represents free tau parameter of the order 3rd of the dependent variable in 
equation (1), sq yN (t) (q ≥ 0) are the unknown constants to be determined and is the length of computational length of degree of 
Chebysev polynomials.
Obtaining the third derivative of equation (4) and Substitute into equation (1), we have

          

     (6)

Collect the likes terms of (6)

   

  

 (7)

Slightly perturbed and collocate equation (7), we have
 

 (8)
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Where H(t) = - τ1 TN (ti ) - τ2 TN-1 (ti) - τ3 TN-2 (ti) and  ti = a + (b-a)i / N+2; i = 1,2,…….. N + 1 

(9)

where τ1 , τ2 and τ3 are free tau parameters to be determined and TN (t), TN-1 (t) and TN-2 (t) are the Chebyshev Polynomials 
defined in table (1).
Couple with boundary conditions (2) and using approximate solution (5), we have
                

   (10)

Altogether, we obtained (N+4) algebraic linear equations in (N+4) unknown constants. Thus, we put the (N+4) algebraic 
equations in Matrix form as:

                    SQ = G                                                                                                                                                                     (11)

Here

                    S = The system of equations of N+4
                    Q = (s0, s1, s2, s3, ……..sN, τ1, τ2, τ3)

 T

                    G = (g(t0), g(t1), g(t2), g(t3), .. g(tN), α, β, γ) T

Theunknown constants s0, s1, s2, s3, s4, ……., sN, τ1, τ2 and τ3 are obtain using MAPLE 18 software which are then substituted 
into the approximate solution given (5)

3. Computational  Experiment 
In this section, we consider the singularly perturbed BVP (1) with discountinous source terms a(t) = -2. b(t) = 4, c(t) = -1  
andepisolons ε = 0.5, 0.4, 0.3, 0.2, 0.1
Subject to boundary conditions:

                    y(0) = 0,  y/(0) = 1,  y/(1) = -1                                                                                                                                 (12)

EFCAM Technique
Consider equation (8) and taking computational length N=18 (see table 1), we obtained the following:

y(0) = s0 + τ3 e
0 = α

y/(0) = s1 + τ3 e
0 = β

y(1) = s1 + 2s2 + 3s3 + ... + NsN + τ3 e
1 = γ{
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(13) 

Collocate equation (13) as follows: 

The above process was repeated for ε = 0.5, 0.4, 0.3, 0.2, 0.1. Moreover, we consider boundary conditions (12), Matrix 
equation (11) and using MAPLE 18 software to obtain twenty two (22) unkown constants of equations (13), thus, we obtained 
the following constants:
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Substitute the above values into approximation solution (5), we obtained the following approximate solutions for equation (1),
            
  

(14)
      

 

 (15)
               

    

 (16)

                   

  
 (17)

       

   

 (18)

Table 2.Computational Results

t Solution ε = 0.5 ε = 0.4 ε = 0.3 ε = 0.2 ε = 0.1

0.0 Analytical 0.00000000000 0.00000000000 0.00000000000 0.00000000000 0.00000000000

EFCAM 0.00000000000 0.00000000000 0.00000000000 0.00000000000 0.00000000000

Et 0.00000000000 0.00000000000 0.00000000000 0.00000000000 0.00000000000

0.1 Analytical 0.08732480667 0.08727316226 0.08732714050 0.08758380987 0.08829670039

EFCAM 0.08732480698 0.08727316127 0.08732718805 0.08758384808 0.08830724140

Et 3.1E-10 1.0E-09 4.96E-08 3.82E-08 1.05E-06
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0.2 Analytical 0.15380743913 0.15441264766 0.15569467519 0.15809116007 0.16223677044

EFCAM 0.1538074376 0.15441268760 0.15569488610 0.15809167550 0.16226139000

Et 1.5E-09 3.99E-08 2.11E-07 5.15E-07 2.46E-05

0.3 Analytical 0.20316520477 0.20535369210 0.20903433839 0.21481446918 0.22301986773

EFCAM 0.20316519850 0.20535378940 0.20903475900 0.21481553700 0.22305676040

Et 6.3E-09 9.73E-08 4.21E-07 1.07E-06 3.69E-05

0.4 Analytical 0.23656925886 0.24096907270 0.24764237571 0.25711561974 0.26922564119

EFCAM 0.23656924710 0.24096922920 0.24764301850 0.25711716080 0.26927090950

Et 1.18E-08 1.56E-07 6.43E-07 1.15E-06 4.53E-05

0.5 Analytical 0.25379653544 0.26067454790 0.27045536396 0.28346995642 0.29926141059

EFCAM 0.25379652020 0.26067475660 0.27045622260 0.2834718191 0.29931059480

Et 1.52E-08 2.08E-07 8.59E-07 1.86E-06 4.91E-05

0.6 Analytical 0.25383754315 0.26316488178 0.27586535944 0.29208901917 0.31132785630

EFCAM 0.25383752960 0.26316512550 0.27586640700 0.29209095250 0.31137341060

Et 1.38E-08 2.44E-07 1.04E-06 1.93E-06 4.55E-05

0.7 Analytical 0.23520499291 0.24673102237 0.26197491407 0.28097879930 0.30333897621

EFCAM 0.23520498380 0.24673127400 0.26197610460 0.28098051720 0.30337324640

Et 9.1E-09 2.52E-07 1.19E-06 1.77E-06 3.42E-05

0.8 Analytical 0.19607909489 0.20937859564 0.22664570698 0.24788853076 0.27286270989

EFCAM 0.19607909350 0.20937881560 0.22664696210 0.24788959650 0.27287182820

Et 1.4E-09 2.20E-07 1.25E-06 1.06E-06 9.11E-05

0.9 Analytical 0.13436423441 0.14885362783 0.16747495371 0.19024648020 0.21706062723

EFCAM 0.13436424650 0.14885378840 0.16747614340 0.19024631040 0.21704379980

Et 1.21E-08 1.61E-07 1.19E-06 1.67E-06 5.68E-05

1.0 Analytical 0.04769756447 0.06262527802 0.081747561244 0.1050958218 0.13261918283

EFCAM 0.04769759489 0.06262531054 0.081748338150 0.10509460650 0.13254278020

Et 3.041E-08 3.22E-08 7.77E-07 1.22E-06 7.64E-05

Note: Et = |Analytical - EFCAM|
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ε = 0.5        ε = 0.4        ε = 0.3        ε = 0.2        ε = 0.1

Figure 1. On computational assessment of epsilon (Ɛ) on third order singularly perturbed boundary value problem

4. Conclusion
In this study, third order convection-diffusion singularly perturbed boundary equation was examined and perturbation parameter 
(ε) was varied from highest to lowest ε = 0.5 to 0.1. The effect of epsilon was investigated at the highest derivation of the 
equation (1) and the result showed that higher the epsilon, given rises to lesser y(t) (see table 2). Figure 1 shows the effect of 
epsilon parameters on third order convection-diffusion equation under study.The method is straightforward in application and a 
powerful mathematical tool for finding approximate solutions of initial value problems (IVP), boundary value problems (BVP), 
singular value problems (SVP) and Integro-differential equations (IDE) in terms of accuracy, computational length and efficiency.
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