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  Abstract 
In this paper, we study some chaos related properties of the forward shift map 𝜎𝜎+ 
on the generalized one-sided symbol space ∑𝑚𝑚   

+ ,𝑚𝑚(≥ 2) ∈ 𝑁𝑁. We consider sever-
al notions of chaos available in the contemporary literature. In this paper, we 
prove that 𝜎𝜎+is Devaney chaotic, Auslander-Yorke’s chaotic and generically 
𝛿𝛿 −chaotic. We prove that 𝜎𝜎+is exact Devaney chaotic and as a consequence is 
mixing Devaney Chaotic and weak mixing Devaney Chaotic. We also provide 
examples to show that the forward shift map 𝜎𝜎+on ∑𝑚𝑚

+  is topologically conjugate 
to the map on the space or equivalently conjugate to the map 
𝑓𝑓𝑚𝑚 (𝑥𝑥) = 𝑚𝑚𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚 1) on the space 𝑅𝑅/𝑍𝑍. Finally, we give a counterexample to 
prove that not all topologically transitive maps are totally transitive. We also give 
an example of a continuous function that is topologically transitive but not chao-
tic. 
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Forward Shift Map, Symbol Space, Chaotic Dependence on Initial Conditions, To-
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1. Introduction 

In this paper, we consider the space  ∑𝑚𝑚   
+ which is m-symbol sequence space and the forward shift map 𝜎𝜎+ on it. They 

constitute a dynamical system (∑𝑚𝑚
+ ,𝜎𝜎+) which is a generalization of the frequently used system (∑2 ,𝜎𝜎) where ∑2 is the 

space of sequences consisting of the binary symbols 0 and 1. The symbolic dynamics, so the name goes in literatures, has 
many applications with much of it in the application in coding [1]. Further, the shift map 𝜎𝜎 has many properties for which 
they have been studied in a good number of papers in recent times [2, 3, 4]. The symbol space we use here has the structure 
of a metric which is defined in a natural way. So the study can be related to the metric space with the advantage that we can 
use the standard concepts of dynamical systems available therein. Our purpose is to study the chaotic and related properties 
of the shift map. There are several notions of chaoticity defined on metric spaces. 

Biswas H. R. [5] discussed the concept of the generalized shift map σn  in the symbol space Ʃ2 and proved some chaotic 
properties of the generalized shift map σn  such as chaotic dependence on initial conditions, topologically transitive, totally 
transitive under a new definition of chaos. Ju H., Shao H., Choe Y. and Shi Y. [6] explained conditions for maps to be 
topologically conjugate or semi-conjugate to subshifts of finite type and criteria of chaos and we get basic idea about 
shift map and cantor set of logistic function from [7]. 

In Section 2, we describe the mathematical preliminaries which are requirements for the subsequent chapters. In Section 
3, we have proved that the forward shift map 𝜎𝜎+ is topologically transitive and topologically mixing. We observed that the 
forward shift map 𝜎𝜎+ on ∑𝑚𝑚

+  is generically 𝛿𝛿 −chaotic with 𝛿𝛿 = 𝑚𝑚𝑑𝑑𝑑𝑑𝑚𝑚(∑𝑚𝑚
+ ) = 1. We also proved that the dynamical 

systems (∑𝑚𝑚
+ ,𝜎𝜎+) has chaotic dependence on initial conditions. 
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In Section 4, we have established that the forward shift map on the generalized m-symbol space is DevC (Devaney 
chaotic) and as a consequence it is chaotic in Auslander-Yorke’s sense. Further it is proved that is EDevC (Exact Devaney 
chaotic) and consequently MDevC (Mixing Devaney chaotic) and WMDevC (Weakly mixing Devaney chaotic) map. We 
have proved that 𝜎𝜎+:∑𝑚𝑚

+ → ∑𝑚𝑚
+ is topologically conjugate to the map 𝑓𝑓𝑚𝑚(𝑥𝑥) = 𝑚𝑚𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚1) on the space 𝑅𝑅/𝑍𝑍. Finally, 

we have given a counter example that not all topologically transitive maps are totally transitive and given an example of a 
continuous function which is topologically transitive but not chaotic. 

2. Mathematical Preliminaries 
In 1975, Li and Yorke [8] gave the first mathematical definition of chaos through the introduction of δ -scrambled sets. In 

1980, J. Auslander and J. A. Yorke [9] defined chaos by associating the concept of transitivity and sensitivity which is 
known as Auslander-Yorke chaos. Thereafter, in 1989, R. L. Devaney [10] defined chaos in a very general way. It has three 
components described in the following three definitions. 

Definition 2.1 (Li-Yorke Pair) [8]: 
A pair (𝑥𝑥,𝑦𝑦) ∈ 𝑋𝑋2  is called a Li-Yorke pair with modulus 𝛿𝛿 > 0  if lim𝑛𝑛→∞ sup 𝑚𝑚(𝑓𝑓𝑛𝑛(𝑥𝑥), 𝑓𝑓𝑛𝑛(𝑦𝑦)) ≥ 𝛿𝛿  and 

lim𝑛𝑛→∞ inf 𝑚𝑚�𝑓𝑓𝑛𝑛(𝑥𝑥), 𝑓𝑓𝑛𝑛(𝑦𝑦)� = 0 , where f is a continuous transformation on the compact metric space (𝑋𝑋,𝑚𝑚). The set of 
all Li-Yorke pairs of modulus 𝛿𝛿 > 0 is denoted by 𝐿𝐿𝐿𝐿(𝑓𝑓, 𝛿𝛿). 

Definition 2.2 (Auslander-Yorke Chaotic maps) [9]: 
A continuous map f on a metric space (X, d) is said to be chaotic according to Auslander and York if f is transitive and f 

has sensitive dependence on initial conditions. So it follows that a Devaney Chaotic map (DevC) map is always chaotic in 
Auslander-Yorke’s sense. 

Definition 2.3 (Sensitive Dependence on initial conditions) [10]: 
Let (𝑋𝑋,𝑚𝑚) be a metric space. A continuous map 𝑓𝑓:𝑋𝑋 → 𝑋𝑋  has sensitive dependence on initial conditions if there exists 

𝛿𝛿 > 0  such that, for any 𝑥𝑥 ∈ 𝑋𝑋  and any neighborhood 𝑁𝑁(𝑥𝑥)  of 𝑥𝑥 , there exists 𝑦𝑦 ∈ 𝑁𝑁(𝑥𝑥)  and 𝑛𝑛 ≥ 0  such that 
𝑚𝑚�𝑓𝑓𝑛𝑛(𝑥𝑥), 𝑓𝑓𝑛𝑛(𝑦𝑦)� > 𝛿𝛿 . 

Definition 2.4 (Topologically transitive) [10]: 
Let(𝑋𝑋,𝑚𝑚) be a metric space. A map  𝑓𝑓:𝑋𝑋 → 𝑋𝑋 is topologically transitiveif for every pair of non-empty open sets U and 

𝑉𝑉 of X, there exists 𝑛𝑛 ∈ 𝑁𝑁 such that 𝑓𝑓𝑛𝑛(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅. 
Definition 2.5 (Periodic point) [10]: 
Let𝑓𝑓:𝑋𝑋 → 𝑋𝑋 be a mapping where X is any nonempty set. A point 𝑧𝑧 ∈ 𝑋𝑋 is a periodic point if 𝑓𝑓𝑘𝑘𝑧𝑧 = 𝑧𝑧 for some positive 

integer k. 
Definition 2.6 (Devaney’s chaos) [10]: 
Let (𝑋𝑋,𝑚𝑚) be a metric space. A map 𝑓𝑓:𝑋𝑋 → 𝑋𝑋 is said to be chaotic in the sense of Devaney if the following three 

properties hold: 
(i) f has sensitive dependence on initial conditions; 
(ii) f is topologically transitive and 
(iii) periodic points are dense in X. 
Subsequently, in Banks et al. [11], it was shown that topological transitivity and dense periodic orbits together imply 

sensitive dependence on initial conditions. So the condition (i) of Devaney’s definition is redundant. It is also known that in 
an interval (not necessarily finite) a continuous, topological transitive map is chaotic in the sense of Devaney [10]. 

Devaney’s chaos is important from analytical as well as an application point of view. In the year 1992, L. Snoha [12] 
introduced the concept of dense chaos. Today, Devaney chaos has been studied in more extensive ways that is with much 
stronger conditions leading to exact Devaney chaos, mixing Devaney chaos, weak mixing Devaney chaos, etc. A Devaney 
chaotic map 𝑓𝑓:𝑋𝑋 → 𝑋𝑋  is said to exhibit exact Devaney chaos (EDevC) property [10] if it is exact, that is, if for every 
non-empty open set U of X, there exists some 𝑚𝑚 ∈ 𝑁𝑁 such that 𝑓𝑓𝑚𝑚 (𝑈𝑈) = 𝑋𝑋. On the other hand, a Devaney chaotic map 
𝑓𝑓:𝑋𝑋 → 𝑋𝑋 is said to exhibit mixing Devaney chaos (MDevC), if it is mixing, that is, for any pair of non-empty open sets U 
and V of X , ∃ 𝑛𝑛0 ∈ 𝑁𝑁 such that 𝑓𝑓𝑛𝑛(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅∀𝑛𝑛 ≥ 𝑛𝑛0. Further, the Devaney chaotic map 𝑓𝑓:𝑋𝑋 → 𝑋𝑋 is said to exhibit 
weak mixing Devaney chaos (WMDevC), if it is weak mixing that is, 𝑓𝑓 × 𝑓𝑓 is transitive on 𝑋𝑋 × 𝑋𝑋 that is for every 
non-empty open set of 𝑈𝑈 × 𝑉𝑉 of 𝑋𝑋 × 𝑋𝑋, ∃𝑛𝑛 ∈ 𝑁𝑁such that 𝑓𝑓𝑛𝑛(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅. Sensitive dependence on initial conditions is 
an important property for any chaotic map. Bau – Sen Du [4] gave a new strong definition of chaos by using shift map in the 
symbol space Ʃ2, and by considering a dense uncountable invariant scrambled set in Ʃ2. 

In this paper, we work on a one-sided m-symbol sequence space which is 
∑𝑚𝑚

+ = {0,1,2, … …𝑚𝑚 − 1}𝑁𝑁 = {(𝑥𝑥𝑑𝑑)𝑑𝑑=1
∞ : 𝑥𝑥𝑑𝑑 ∈ {0,1,2 … …𝑚𝑚 − 1},𝑚𝑚 ∈ 𝑁𝑁}, and discuss the Devaney chaoticity of the 

forward shift map 𝜎𝜎+:∑𝑚𝑚
+ → ∑𝑚𝑚

+ . Many works have been done on this system for the particular case of 𝑚𝑚 = 2. Several 
aspects of the binary sequence space ∑2

+and the forward shift map 𝜎𝜎+ on it can be found in various papers and books such 
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as [1, 2, 4, 5, 14, 22, 23, 24]. Since ∑2
+is a special case of ∑𝑚𝑚

+ , our results are also valid in (∑2
+,𝜎𝜎+). Further it may be 

mentioned that our study falls in the greater domain of chaotic dynamics. Some references from this expanding area of 
research are noted in [17, 19, 21, 22]. 

Definition 2.7 (Topological Conjugacy) [10]: 
Let 𝑓𝑓:𝑋𝑋 → 𝑋𝑋 and 𝑔𝑔:𝐿𝐿 → 𝐿𝐿 be two continuous maps on the metric spaces X and Y. If there exists a homeomorphism 

ℎ:𝑋𝑋 → 𝐿𝐿 such that ℎ𝑚𝑚𝑓𝑓 = 𝑔𝑔𝑚𝑚ℎ, then f is said to be topologically conjugate to the map g. In this case, h is called a topo-
logical conjugacy [10]. On the other hand, if for the continuous maps 𝑓𝑓:𝑋𝑋 → 𝑋𝑋 and 𝑔𝑔:𝐿𝐿 → 𝐿𝐿, there exists a surjection 
ℎ:𝑋𝑋 → 𝐿𝐿 such that ℎ𝑚𝑚𝑓𝑓 = 𝑔𝑔𝑚𝑚ℎ, then f  is topologically semi-conjugate to g. 

The word conjugacy as referred to dynamical systems means the similarity between the dynamical behavior of two 
mappings. Topological conjugacy between maps is a very powerful tool in the study of dynamical systems. Topological 
conjugacy is an as important concept in the theory of dynamical systems as it is an important tool that can be used to make 
predictions about the behavior of a dynamical system by comparing it with another dynamical system whose specific 
properties are known. 

Definition 2.8 (Generically 𝜹𝜹 −chaotic maps) [14]: 
The continuous map 𝑓𝑓:𝑋𝑋 → 𝑋𝑋 on a compact metric space X is called generically 𝛿𝛿–chaotic if 𝐿𝐿𝐿𝐿(𝑓𝑓, 𝛿𝛿) is residual in 

𝑋𝑋2. 
Definition 2.9 (Topologically mixing) [15]: 
Let 𝑓𝑓:𝑋𝑋 → 𝑋𝑋 be a map on a topological space (𝑋𝑋,𝑇𝑇) and f is topologically mixing if given nonempty open sets 

𝑈𝑈,𝑉𝑉 ⊂ 𝑋𝑋, there exists 𝑛𝑛0 such that𝑓𝑓𝑛𝑛(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅ for all 𝑛𝑛 ≥ 𝑛𝑛0. 
Definition 2.10 (Weakly topologically mixing) [15]: 
Let 𝑓𝑓:𝑋𝑋 → 𝑋𝑋 be a map on a topological space (𝑋𝑋,𝑇𝑇) and f is weakly topologically mixing if for every nonempty pair 

𝑈𝑈,𝑉𝑉 ⊂ 𝑋𝑋, there exists a positive integer 𝑘𝑘 such that 𝑓𝑓𝑘𝑘(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅. 
Note: From the above two definitions it follows that topologically mixing property implies weakly topologically mixing 

property. 
Definition 2.11 (Chaotic dependence on initial conditions) [16]: 
A dynamical system (𝑋𝑋, 𝑓𝑓) is said to have chaotic dependence on initial conditions if for any 𝑥𝑥 ∈ 𝑋𝑋  and every 

neighborhood 𝑁𝑁(𝑥𝑥) of 𝑥𝑥 there is a 𝑦𝑦 ∈ 𝑁𝑁(𝑥𝑥) such that the pair (𝑥𝑥, 𝑦𝑦) ∈ 𝑋𝑋2 is Li-Yorke. 
Definition 2.12 (Weak and modified weak chaotic dependence on initial conditions) [16]: A dynamical systems 

(𝑋𝑋, 𝑓𝑓) is said to have weak chaotic dependence on initial conditions if for any 𝑥𝑥 ∈ 𝑋𝑋 and every neighbourhood N(x) of x 
there are 𝑦𝑦, 𝑧𝑧 ∈ 𝑁𝑁(𝑋𝑋) [modified weak case 𝑦𝑦 ≠ 𝑥𝑥, 𝑧𝑧 ≠ 𝑥𝑥] such that (𝑦𝑦, 𝑧𝑧) ∈ 𝑋𝑋2is Li-Yorke. 

We also need the following Proposition, Lemma, and Theorem. 
Proposition 2.1: Let 𝑇𝑇:𝑋𝑋 → 𝑋𝑋 be a continuous map on a compact metric space X. If T is topologically weak mixing, 

then it is generically 𝛿𝛿 −chaotic on X with 𝛿𝛿 = 𝑚𝑚𝑑𝑑𝑑𝑑𝑚𝑚(𝑋𝑋). 
Lemma 2.1: Let 𝑠𝑠, 𝑡𝑡 ∈ Ʃ2  and 𝑠𝑠𝑑𝑑 = 𝑡𝑡𝑑𝑑  , 𝑑𝑑 = 0,1, … … … ,𝑚𝑚. Then, 𝑚𝑚(𝑠𝑠, 𝑡𝑡) < 1

2𝑚𝑚
 and conversely if 𝑚𝑚(𝑠𝑠, 𝑡𝑡) < 1

2𝑚𝑚
 then, 

𝑠𝑠𝑑𝑑 = 𝑡𝑡𝑑𝑑 , for 𝑑𝑑 = 0,1, … … … ,𝑚𝑚. 
Theorem 2.1: The forward shift map (∑𝑚𝑚

+ ,𝜎𝜎+)is topological dynamical systems (TDS). 
Proof: It is immediate that the space ∑𝑚𝑚

+ = {0,1,2, … … ,𝑚𝑚 − 1}𝑁𝑁 = {𝑥𝑥 = (𝑥𝑥𝑑𝑑)𝑑𝑑=1
∞ : 𝑥𝑥𝑑𝑑 ∈ {0,1,2, … … ,𝑚𝑚 − 1}} 

where 𝑚𝑚(≥ 2) ∈ 𝑁𝑁, the generalized m-symbol sequence space, is a compact metric space under the distance function 
𝑚𝑚:∑𝑚𝑚

+ × ∑𝑚𝑚
+ → 𝑅𝑅 defined by 𝑚𝑚(𝑥𝑥,𝑦𝑦) = ∑ |𝑥𝑥𝑘𝑘−𝑦𝑦𝑘𝑘 |

𝑚𝑚𝑘𝑘𝑘𝑘≥1  for 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … . ), 𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3, … … ) ∈ ∑𝑚𝑚
+ . Again, it is 

obvious that the forward shift transformation 𝜎𝜎+: ∑𝑚𝑚
+ → ∑𝑚𝑚

+  defined by 𝜎𝜎(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … ) = �𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4, … … � is conti-
nuous. 

Therefore, (∑𝑚𝑚
+ ,𝜎𝜎+) is clearly a topological dynamical systems. 

Note: One important observation is that for any 𝑚𝑚,𝑛𝑛(𝑛𝑛 < 𝑚𝑚) ∈ 𝑁𝑁, we always have that ∑𝑛𝑛
+ ⊆ ∑𝑚𝑚

+ . So whatever is true 
for ∑𝑚𝑚

+  is also true for ∑𝑛𝑛
+. 

The following example of a dynamical system which will be useful for us. 
Example 2.1: Consider the map 𝑓𝑓𝑚𝑚 (𝑥𝑥) = 𝑚𝑚𝑥𝑥 (𝑚𝑚𝑚𝑚𝑚𝑚1) and the unit circle 𝑆𝑆1. We have to show that (𝑆𝑆1, 𝑓𝑓𝑚𝑚 ) is a to-

pological dynamical systems. 
Proof: It is a well-known fact that for any 𝑚𝑚(≥ 2) ∈ 𝑁𝑁, the map 𝑓𝑓𝑚𝑚 : [0,1] → [0,1] such that. 𝑓𝑓𝑚𝑚 (𝑥𝑥) = 𝑚𝑚𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚 1) is 

discontinuous at the points 1
𝑚𝑚

, 2
𝑚𝑚

, 3
𝑚𝑚

, … , 𝑚𝑚−1
𝑚𝑚

∈ 𝐼𝐼. This map is well defined on 𝑅𝑅/𝑍𝑍 ≅ 𝐼𝐼/~ where 𝑅𝑅/𝑍𝑍 is the space of 
equivalence classes 𝑥𝑥 + 𝑍𝑍 of real numbers x up to integers such that two real numbers x, y belong to the same equivalence 
class if and only if ∃ an integer 𝑘𝑘 ∈ 𝑍𝑍 such that 𝑥𝑥 = 𝑦𝑦 + 𝑘𝑘 and 𝐼𝐼/~ denotes the unit interval with the endpoints identi-
fied such that the symbol ~ implies that 0~1 are glued together to get a circle. 𝑅𝑅/𝑍𝑍 is a metric space under the metric 
𝑚𝑚(𝑥𝑥,𝑦𝑦) = min𝑚𝑚∈𝑧𝑧 |𝑥𝑥 − 𝑦𝑦 + 𝑚𝑚|. 
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Also, the unit circle 𝑆𝑆1 = {𝑧𝑧 ∈ 𝐶𝐶: |𝑧𝑧| = 1} = �𝑒𝑒2𝜋𝜋𝑑𝑑𝜋𝜋 : 0 ≤ 𝜋𝜋 ≤ 1� is a metric space with respect to the modified arc 
length distance d defined by 

 𝑚𝑚�𝑒𝑒2𝜋𝜋𝑑𝑑𝜋𝜋1 , 𝑒𝑒2𝜋𝜋𝑑𝑑𝜋𝜋2� = |𝜋𝜋2 − 𝜋𝜋1| or [1 − |𝜋𝜋2 − 𝜋𝜋1|] according to |𝜋𝜋2 − 𝜋𝜋1| ≤ 1
2
 or |𝜋𝜋2 − 𝜋𝜋1| > 1

2
.  

𝑆𝑆1 is a compact metric space and there is a one-to-one correspondence between 𝑅𝑅/𝑍𝑍 and 𝑆𝑆1 via the map 𝛹𝛹:𝑅𝑅/𝑍𝑍 → 𝑆𝑆1 
given by 𝛹𝛹(𝑥𝑥) = 𝑒𝑒2𝜋𝜋𝑑𝑑𝑥𝑥 . 

Thus 𝑅𝑅/𝑍𝑍 is identified with 𝑆𝑆1 via the 1-1 correspondence 𝛹𝛹(𝑥𝑥) = 𝑒𝑒2𝜋𝜋𝑑𝑑𝑥𝑥 . So the map 𝑓𝑓𝑚𝑚 (𝑥𝑥) on 𝑅𝑅/𝑍𝑍 ≅ 𝐼𝐼/~ can be 
defined on 𝑆𝑆1 as 𝑓𝑓𝑚𝑚(𝑧𝑧 = 𝑒𝑒2𝜋𝜋𝑑𝑑𝑥𝑥 ) = 𝑒𝑒2𝜋𝜋𝑑𝑑 (𝑚𝑚𝑥𝑥 ) = (𝑒𝑒2𝜋𝜋𝑑𝑑𝑥𝑥 )𝑚𝑚 = 𝑧𝑧𝑚𝑚 . This is a contradiction map on 𝑆𝑆1. Ultimately, (𝑆𝑆1, 𝑓𝑓𝑚𝑚) is 
a topological dynamical systems. 

3. Chaotic properties of 𝛔𝛔+: 
In this section, we prove some chaotic properties of the forward shift map 𝜎𝜎+. 
Theorem 3.1: [The Proximity Theorem] 
Let 𝑥𝑥, 𝑦𝑦 ∈ ∑𝑚𝑚

+ . Then 𝑚𝑚(𝑥𝑥,𝑦𝑦) ≤ 1
𝑚𝑚𝑛𝑛  if and only if x and y agree up to n-digits. 

Proof: Let 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … . ), 𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3, … … ) ∈ ∑𝑚𝑚
+  and x and y agree up to the n-digits.  

Then 𝑥𝑥𝑑𝑑 − 𝑦𝑦𝑑𝑑 = 0 for 𝑑𝑑 = 1,2,3, … … ,𝑛𝑛 and therefore we have ∑ |𝑥𝑥𝑑𝑑−𝑦𝑦𝑑𝑑|
𝑚𝑚𝑑𝑑

𝑛𝑛
𝑑𝑑=1 = 0. 

So 𝑚𝑚(𝑥𝑥,𝑦𝑦) = ∑ |𝑥𝑥𝑘𝑘−𝑦𝑦𝑘𝑘 |
𝑚𝑚𝑘𝑘𝑘𝑘≥1 = ∑ |𝑥𝑥𝑑𝑑−𝑦𝑦𝑑𝑑|

𝑚𝑚𝑑𝑑
𝑛𝑛
𝑑𝑑=1 + ∑ |𝑥𝑥𝑘𝑘−𝑦𝑦𝑘𝑘 |

𝑚𝑚𝑘𝑘𝑘𝑘>𝑛𝑛 =0+∑ |𝑥𝑥𝑘𝑘−𝑦𝑦𝑘𝑘 |
𝑚𝑚𝑘𝑘𝑘𝑘>𝑛𝑛 =∑ |𝑥𝑥𝑘𝑘−𝑦𝑦𝑘𝑘 |

𝑚𝑚𝑘𝑘𝑘𝑘>𝑛𝑛 . 
Now, 𝑥𝑥 = (𝑥𝑥1,𝑥𝑥2, 𝑥𝑥3, … … . ), 𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3, … … ) ∈ ∑𝑚𝑚

+  
⇒𝑥𝑥𝑑𝑑 ,𝑦𝑦𝑑𝑑 ∈ {0,1,2,3, … ,𝑚𝑚 − 1},   ∀ 𝑑𝑑 ∈ 𝑁𝑁 
⇒|𝑥𝑥𝑑𝑑 − 𝑦𝑦𝑑𝑑 | ≤ 𝑚𝑚 − 1,   ∀ 𝑑𝑑 ∈ 𝑁𝑁 
⇒|𝑥𝑥𝑘𝑘−𝑦𝑦𝑘𝑘 |

𝑚𝑚𝑘𝑘 ≤ 𝑚𝑚−1
𝑚𝑚𝑘𝑘 , ∀ 𝑘𝑘 > 𝑛𝑛 

∴ 𝑚𝑚(𝑥𝑥,𝑦𝑦) = �
|𝑥𝑥𝑘𝑘 − 𝑦𝑦𝑘𝑘 |

𝑚𝑚𝑘𝑘
𝑘𝑘>𝑛𝑛

≤ �
𝑚𝑚− 1
𝑚𝑚𝑘𝑘

∞

𝑘𝑘=𝑛𝑛+1

=
𝑚𝑚 − 1
𝑚𝑚𝑛𝑛+1 �

1
𝑚𝑚𝑟𝑟 =

𝑚𝑚 − 1
𝑚𝑚𝑛𝑛+1 .

1

1 − 1
𝑚𝑚

=
1
𝑚𝑚𝑛𝑛

∞

𝑟𝑟=0

. 

Conversely, let (𝑥𝑥, 𝑦𝑦) ≤ 1
𝑚𝑚𝑛𝑛  . We need to show that x and y agree up to n-digits. 

If possible, let x disagrees to y at least at one digit that precedes the nth digit, say at ith digit where 1 ≤ 𝑑𝑑 ≤ 𝑛𝑛 − 1 and 
agrees at all other digits up to n-digits. Then 

𝑚𝑚(𝑥𝑥, 𝑦𝑦) = �
|𝑥𝑥𝑘𝑘 − 𝑦𝑦𝑘𝑘 |

𝑚𝑚𝑘𝑘 =
|𝑥𝑥𝑑𝑑 − 𝑦𝑦𝑑𝑑 |
𝑚𝑚𝑑𝑑

𝑘𝑘≥1

+ �
|𝑥𝑥𝑘𝑘 − 𝑦𝑦𝑘𝑘 |

𝑚𝑚𝑘𝑘

∞

𝑘𝑘=𝑛𝑛+1

≥
|𝑥𝑥𝑑𝑑 − 𝑦𝑦𝑑𝑑 |
𝑚𝑚𝑑𝑑 ≥

1
𝑚𝑚𝑑𝑑 >

1
𝑚𝑚𝑛𝑛  

[ Since 𝑑𝑑 ≤ 𝑛𝑛 − 1 < 𝑛𝑛]. 
This contradicts our assumption that 𝑚𝑚(𝑥𝑥, 𝑦𝑦) < 1

𝑚𝑚𝑛𝑛 . Further, if x disagrees to y at more than one digit for 1 ≤ 𝑑𝑑 ≤ 𝑛𝑛 − 1, 
then also proceeding as above we get contradictions. So it follows that x and y must agree up to n-digit. 

Theorem 3.2: The forward shift map 𝜎𝜎+: ∑𝑚𝑚
+ → ∑𝑚𝑚

+  is topologically transitive. 
Proof: To establish that the forward shift map 𝜎𝜎+ is topologically transitive, we need to show that for any two 

non-empty open sets U and V of ∑𝑚𝑚
+ , there exists 𝑛𝑛 ∈ 𝑁𝑁 such that 𝜎𝜎𝑛𝑛(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅. 

Let 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … ) ∈ 𝑈𝑈 and 𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3, … … ) ∈ 𝑉𝑉 be arbitrary (since U and V are non-empty open sets, so 
we always have such points). 

Now, 𝑥𝑥 ∈ 𝑈𝑈, 𝑦𝑦 ∈ 𝑉𝑉 and U, V are open sets. So, ∃ open balls 𝐵𝐵(𝑥𝑥, 𝑟𝑟1) ⊆ 𝑈𝑈 and 𝐵𝐵(𝑦𝑦, 𝑟𝑟2) ⊆ 𝑉𝑉. If 𝑟𝑟 = min{𝑟𝑟1, 𝑟𝑟2}, then 
𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊆ 𝑈𝑈 and 𝐵𝐵(𝑦𝑦, 𝑟𝑟) ⊆ 𝑉𝑉. We choose 𝑛𝑛 ∈ 𝑁𝑁 such that 1

𝑚𝑚𝑛𝑛 < 𝑟𝑟. Consider the point,  
𝑧𝑧 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … 𝑥𝑥𝑛𝑛 ,𝑦𝑦1,𝑦𝑦2,𝑦𝑦3, … … ) ∈ ∑𝑚𝑚

+  which agrees with x up to the nth term. Therefore, by Proximity theorem, we 
have that, 
𝑚𝑚(𝑥𝑥, 𝑧𝑧) ≤ 1

𝑚𝑚𝑛𝑛 < 𝑟𝑟 ⇒ 𝑧𝑧 ∈ 𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊆ 𝑈𝑈 and consequently it follows that 𝜎𝜎𝑛𝑛(𝑧𝑧) ∈ 𝜎𝜎𝑛𝑛(𝑈𝑈). 
Also, 𝜎𝜎𝑛𝑛(𝑧𝑧) = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3, … … ) = 𝑦𝑦 ∈ 𝑉𝑉 , 𝑦𝑦 = 𝜎𝜎𝑛𝑛(𝑧𝑧) ∈ 𝜎𝜎𝑛𝑛(𝑈𝑈) ⇒ 𝑦𝑦 = 𝜎𝜎𝑛𝑛(𝑧𝑧) ∈ 𝜎𝜎𝑛𝑛(𝑈𝑈) ∩ 𝑉𝑉 . So it follows that 

𝜎𝜎𝑛𝑛(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅ and hence 𝜎𝜎+: ∑𝑚𝑚
+ → ∑𝑚𝑚

+  is topologically transitive. 
Theorem 3.3: The forward shift map 𝜎𝜎+: ∑𝑚𝑚

+ → ∑𝑚𝑚
+  is topologically mixing. 

Proof: Let U and V be any two non-empty open sets in ∑𝑚𝑚
+ . We show that there exists a non-negative integer 𝑛𝑛0 such 

that 𝜎𝜎𝑛𝑛(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅, ∀𝑛𝑛 ≥ 𝑛𝑛0. 
Let 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … ) ∈ 𝑈𝑈 and 𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3, … … ) ∈ 𝑉𝑉 be arbitrary (since U and V are non-empty, so we must 

have such points in U and V). Then, since 𝑥𝑥 ∈ 𝑈𝑈, 𝑦𝑦 ∈ 𝑉𝑉 and 𝑈𝑈,𝑉𝑉  are open sets in ∑𝑚𝑚
+ , ∃ open balls 𝐵𝐵�𝑥𝑥, 𝑟𝑟,1�,𝐵𝐵(𝑦𝑦, 𝑟𝑟2) 

such that 𝐵𝐵(𝑥𝑥, 𝑟𝑟1) ⊆ 𝑈𝑈 and 𝐵𝐵(𝑦𝑦, 𝑟𝑟2) ⊆ 𝑉𝑉. 
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If 𝑟𝑟 = min{𝑟𝑟1, 𝑟𝑟2}, then 𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊆ 𝑈𝑈 and 𝐵𝐵(𝑦𝑦, 𝑟𝑟) ⊆ 𝑉𝑉 and choose 𝑘𝑘 ∈ 𝑁𝑁 such that 1
𝑚𝑚𝑘𝑘 < 𝑟𝑟. We then construct a se-

quence {𝑧𝑧𝑛𝑛} of points in ∑𝑚𝑚
+  with the help of k, x and y such that, 

𝑧𝑧1 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4 … 𝑥𝑥𝑘𝑘 ,𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,𝑦𝑦4 … ), 
    𝑧𝑧2 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4 … 𝑥𝑥𝑘𝑘 , 𝑑𝑑1,𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,𝑦𝑦4 … ), 

             𝑧𝑧3 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4 … 𝑥𝑥𝑘𝑘 , 𝑑𝑑1, 𝑑𝑑2,𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,𝑦𝑦4 … ), …, 
                                            𝑧𝑧𝑑𝑑 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4 … 𝑥𝑥𝑘𝑘 , 𝑑𝑑1, 𝑑𝑑2, , … … , 𝑑𝑑𝑑𝑑−1,𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,𝑦𝑦4 … … ), 𝑑𝑑 ≥ 2, 

𝑑𝑑𝑑𝑑 ∈ {0,1,2, … … ,𝑚𝑚 − 1}. 
Here, every 𝑧𝑧𝑑𝑑  , 𝑑𝑑 ≥ 2 is constructed by using the finite word obtained by taking first (i-1) consecutive symbols of a fixed 

sequence 𝑑𝑑 = (𝑑𝑑1, 𝑑𝑑2, 𝑑𝑑3, … …𝑑𝑑𝑑𝑑−1, . . . ) ∈  ∑𝑚𝑚
+  chosen arbitrarily. More precisely, the first k letters of 𝑧𝑧𝑑𝑑 , for each 𝑑𝑑 ≥ 2, 

is the finite word, 
𝑥𝑥[1,𝑘𝑘] = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4 … … 𝑥𝑥𝑘𝑘) taken from 𝑥𝑥 ∈ 𝑈𝑈 and then follows the word. 
𝑑𝑑[1,𝑑𝑑−1] = (𝑑𝑑1, 𝑑𝑑2, 𝑑𝑑3, … … , 𝑑𝑑𝑑𝑑−1) taken from a and at last the sequence representing y, i.e., 𝑧𝑧𝑑𝑑 = �𝑥𝑥[1,𝑘𝑘], 𝑑𝑑[1,𝑑𝑑−1],𝑦𝑦�. In 

this case, we can also use a fixed letter from the alphabet set {0,1,2, … ,𝑚𝑚 − 1} repeating it for (i-1) times rather than using 
𝑑𝑑[1,𝑑𝑑−1]. 

Now, by using the Proximity theorem, we have, 𝑚𝑚(𝑥𝑥, 𝑧𝑧𝑑𝑑) ≤
1
𝑚𝑚𝑘𝑘 < 𝑟𝑟 [since x and 𝑧𝑧𝑑𝑑  agree up to the kth digits], for all 

𝑑𝑑 ∈ 𝑁𝑁. So, 𝑧𝑧𝑑𝑑 ∈ 𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊆ 𝑈𝑈 and hence, 
𝜎𝜎𝑘𝑘+𝑑𝑑−1(𝑧𝑧𝑑𝑑) ∈ 𝜎𝜎𝑘𝑘+𝑑𝑑−1(𝐵𝐵(𝑥𝑥, 𝑟𝑟))⊆ 𝜎𝜎𝑘𝑘+𝑑𝑑−1(𝑈𝑈) for all 𝑑𝑑 ∈ 𝑁𝑁. 
Also,𝜎𝜎𝑘𝑘+𝑑𝑑−1(𝑧𝑧𝑑𝑑) = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,……..) ∈ 𝑉𝑉, 𝜎𝜎𝑘𝑘+𝑑𝑑−1(𝑧𝑧𝑑𝑑) ∈ 𝜎𝜎𝑘𝑘+𝑑𝑑−1(𝑈𝑈) imply that 𝜎𝜎𝑘𝑘+𝑑𝑑−1(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅, for all 𝑑𝑑 ≥ 2. 
Therefore, 𝜎𝜎𝑛𝑛(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅, for all 𝑛𝑛 ≥ 𝑘𝑘. 
Hence, the forward shift map 𝜎𝜎+: ∑𝑚𝑚

+ → ∑𝑚𝑚
+  is topologically mixing. 

Theorem 3.4: The forward shift map 𝜎𝜎+: ∑𝑚𝑚
+ → ∑𝑚𝑚

+  has sensitive dependence on initial conditions. 
Proof: Let 𝑥𝑥 ∈ ∑𝑚𝑚

+  be arbitrary and N(x) be an arbitrary neighbourhood of x. Then by definition of a neighbourhood, 
there exists a non-empty open set H such that 𝑥𝑥 ∈ 𝐻𝐻 ⊆ 𝑁𝑁(𝑥𝑥). Now 𝑥𝑥 ∈ 𝐻𝐻, H is open in ∑𝑚𝑚

+ , ∃ an open ball B(x,r) such 
that 𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊆ 𝐻𝐻 ⊆ 𝑁𝑁(𝑥𝑥). Let 𝑦𝑦 ∈ 𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊆ 𝐻𝐻 ⊆ 𝑁𝑁(𝑥𝑥) such that 𝑥𝑥 ≠ 𝑦𝑦 and x is very close to y. This is always possible 
to have a very close point to x, because we can choose a 𝑘𝑘 ∈ 𝑁𝑁 as large as we want to satisfy 1

𝑚𝑚𝑘𝑘 < 𝑟𝑟 and for this large 

𝑘𝑘 ∈ 𝑁𝑁 we can construct the point y in such a way that this agrees with x up to k-digits. Then, 𝑚𝑚(𝑥𝑥,𝑦𝑦) ≤ 1
𝑚𝑚𝑘𝑘 < 𝑟𝑟 and hence 

for large value of k, x will be too close to y. 
Let 𝑚𝑚(𝑥𝑥,𝑦𝑦) = 𝜀𝜀. Then, since x is very close to y and 𝜀𝜀 is very small, depending on the value of 𝜀𝜀 > 0, ∃ a large and 

unique 𝑛𝑛 ∈ 𝑁𝑁 such that 1
𝑚𝑚𝑛𝑛+1 < 𝜀𝜀 ≤ 1

𝑚𝑚𝑛𝑛 , Consider 𝑚𝑚(𝑥𝑥,𝑦𝑦) = 𝜀𝜀 ≤ 1
𝑚𝑚𝑛𝑛 . 

Then, 𝑚𝑚(𝑥𝑥,𝑦𝑦) ≤ 1
𝑚𝑚𝑛𝑛 ⇒ x and y agree up to the nth digit 

⇒(𝑛𝑛 + 1)𝑡𝑡ℎ  digits of x and y are different 
⇒ The first digit of 𝜎𝜎𝑛𝑛(𝑥𝑥) and 𝜎𝜎𝑛𝑛(𝑦𝑦) are different 
⇒ 𝑚𝑚�𝜎𝜎𝑛𝑛(𝑥𝑥),𝜎𝜎𝑛𝑛(𝑦𝑦)� = ∑ |𝑥𝑥𝑛𝑛+𝑑𝑑−𝑦𝑦𝑛𝑛+𝑑𝑑|

𝑚𝑚𝑑𝑑
∞
𝑑𝑑=1 = |𝑥𝑥𝑛𝑛+1−𝑦𝑦𝑛𝑛+1|

𝑚𝑚
+ ∑ |𝑥𝑥𝑛𝑛+𝑑𝑑−𝑦𝑦𝑛𝑛+𝑑𝑑 |

𝑚𝑚𝑑𝑑 ≥ 1
𝑚𝑚

∞
𝑑𝑑=2  From the above relation, it is clear that 1

𝑚𝑚
 

plays the role of sensitivity constant 𝛿𝛿. 
Thus, for every 𝑥𝑥 ∈ ∑𝑚𝑚

+   and any neighbourhood 𝑁𝑁(𝑥𝑥) of x, ∃ 𝑦𝑦 ∈ 𝑁𝑁(𝑥𝑥) and 𝑛𝑛 > 0 satisfying 𝑚𝑚�𝜎𝜎𝑛𝑛(𝑥𝑥),𝜎𝜎𝑛𝑛(𝑦𝑦)� ≥
𝛿𝛿 for 𝛿𝛿 = 1

𝑚𝑚
. 

Hence the forward shift transformation 𝜎𝜎+: ∑𝑚𝑚
+ → ∑𝑚𝑚

+  has sensitive dependence on initial conditions. 
Theorem 3.5: The set 𝑃𝑃(𝜎𝜎+), the set of all the periodic points of the forward shift map 𝜎𝜎+, is dense in ∑𝑚𝑚

+ . 
Proof: We first show that  𝜎𝜎+ has 𝑚𝑚𝑛𝑛 − 𝑚𝑚 periodic points of period-n in ∑𝑚𝑚

+  for 𝑛𝑛 ≥ 2. It is to be noted that if a 
definite block of n-digits from the set {0,1,2,3,4, … … ,𝑚𝑚 − 1} repeats indefinitely, then it is a periodic point of 𝜎𝜎 of 
period-n in ∑𝑚𝑚

+ . A block of n-digits can be formed with the m distinct digits 0, 1, 2, 3, …., m-1 in 𝑚𝑚𝑛𝑛ways. These blocks 
contain the m-blocks formed by the same digit which are not periodic points of period-n. In fact, periodic points of period-1 
i.e., fixed points. So, we have only (𝑚𝑚𝑛𝑛 − 𝑚𝑚) numbers of periodic points of period-n in ∑𝑚𝑚

+ . 
Consider an arbitrary point 𝑥𝑥 ∈ ∑𝑚𝑚

+ . We show that for any 𝜀𝜀 > 0, however small, there is a point 𝑝𝑝 ∈ 𝑃𝑃(𝜎𝜎+) such that 
𝑚𝑚(𝑥𝑥, 𝑝𝑝) < 𝜀𝜀. Let 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … . ), for the fixed small 𝜀𝜀 > 0, we can always find a positive integer 𝑛𝑛 ∈ 𝑁𝑁 such that 

1
𝑚𝑚𝑛𝑛 < 𝜀𝜀. 

Now, we construct a periodic point 𝑝𝑝 ∈ 𝑃𝑃(𝜎𝜎+) of periodic (n+1) such that, 
𝑝𝑝 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … . 𝑥𝑥𝑛𝑛 ,𝑦𝑦, 𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … . 𝑥𝑥𝑛𝑛 ,𝑦𝑦, 𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … . 𝑥𝑥𝑛𝑛 ,𝑦𝑦, … )  i.e., p is constructed by repeating the word 
𝑊𝑊 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … . 𝑥𝑥𝑛𝑛 ,𝑦𝑦) infinite number of times so that it agrees with the digits of x up to n-terms and disagrees at 
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(n+1)th digit such that 𝑥𝑥𝑛𝑛+1 ≠ 𝑦𝑦 and, 𝑚𝑚(𝑥𝑥, 𝑝𝑝) ≤ 1
𝑚𝑚𝑛𝑛 < 𝜀𝜀. 

Thus, for every 𝑥𝑥 ∈ ∑𝑚𝑚
+  and 𝜀𝜀 > 0, ∃ 𝑝𝑝 ∈ 𝑃𝑃(𝜎𝜎+) such that 𝑚𝑚(𝑥𝑥, 𝑝𝑝) < 𝜀𝜀. That is, however small 𝜀𝜀 > 0 may be for 

any 𝑥𝑥 ∈ ∑𝑚𝑚
+  there is always a point 𝑝𝑝 ∈ 𝑃𝑃(𝜎𝜎+) which is at a distance less than the arbitrarily small quantity 𝜀𝜀 > 0. Hence, 

the set 𝑃𝑃(𝜎𝜎+) is dense. 
Theorem 3.6: The forward shift map 𝜎𝜎+ on ∑𝑚𝑚

+  is Devaney as well as Auslander-Yorke chaotic. 
Proof: We have already proved that 𝜎𝜎+ is topologically transitive, it has sensitive dependence on initial conditions and 

the set of all the periodic points of 𝜎𝜎+ is dense in ∑𝑚𝑚
+ . That is, 𝜎𝜎+ satisfies all the requirements for Devaney as well as 

Auslander-Yorke chaoticity. So it is Devaney as well as Auslander-Yorke chaotic [9]. 
Theorem 3.7: The forward shift map 𝜎𝜎+ on ∑𝑚𝑚

+  is generically 𝛿𝛿 −chaotic with 𝛿𝛿 = 𝑚𝑚𝑑𝑑𝑑𝑑𝑚𝑚(∑𝑚𝑚
+ ) = 1. 

Proof: We have established that the forward shift transformation 𝜎𝜎+ on ∑𝑚𝑚
+  is topologically mixing. Since by Defini-

tion 2.5 and 2.6, a continuous topologically mixing map on a compact metric space is also topologically mixing map on a 
compact metric space and is also topologically weak mixing, so the forward shift transformation 𝜎𝜎+ being a continuous 
topologically mixing map on the compact metric space ∑𝑚𝑚

+  is topologically weak mixing. Also, using Proposition 2.1, we 
see that a continuous topologically weak mixing map on a compact metric space X is generically 𝛿𝛿 −chaotic on X with 
𝛿𝛿 = 𝑚𝑚𝑑𝑑𝑑𝑑𝑚𝑚(𝑋𝑋). So it follows that the forward shift transformation  𝜎𝜎+ on ∑𝑚𝑚

+  is generically 𝛿𝛿 −chaotic with 
𝛿𝛿 = 𝑚𝑚𝑑𝑑𝑑𝑑𝑚𝑚(∑𝑚𝑚

+ ) = 1. 
Theorem 3.8: The dynamical system (∑𝑚𝑚

+ ,𝜎𝜎+) has chaotic dependence on initial conditions. 
Proof: Let 𝑑𝑑 = (𝑑𝑑1, 𝑑𝑑2, 𝑑𝑑3, … … . ) ∈ ∑𝑚𝑚

+  be an arbitrary point and 𝑁𝑁(𝑑𝑑) be any neighbourhood of a. Then, there exists 
an open set (open neighbourhood) U of ∑𝑚𝑚

+  such that 𝑑𝑑 ∈ 𝑈𝑈 ⊆ 𝑁𝑁(𝑑𝑑). 
Now since 𝑑𝑑 ∈ 𝑈𝑈 and U is an open set, so there exists an open ball 𝐵𝐵(𝑑𝑑, 𝑟𝑟) with some radius 𝑟𝑟 > 0 s.t. 𝐵𝐵(𝑑𝑑, 𝑟𝑟) ⊆ 𝑈𝑈 ⊆

𝑁𝑁(𝑑𝑑). Then for this 𝑟𝑟 > 0 we can choose a sufficiently large positive integer n such that 1
𝑚𝑚𝑛𝑛 < 𝑟𝑟. We now find a point 

𝑏𝑏 ∈  𝐵𝐵(𝑑𝑑, 𝑟𝑟) ⊆ 𝑈𝑈 ⊆ 𝑁𝑁(𝑑𝑑) such that the pair (𝑑𝑑, 𝑏𝑏) ∈  ∑𝑚𝑚
2  is Li-Yorke. 

Using the letters in 𝑑𝑑 = (𝑑𝑑1, 𝑑𝑑2, 𝑑𝑑3, … … . ) ∈ ∑𝑚𝑚
+ , we define the words 𝑊𝑊(𝑑𝑑, 3𝑛𝑛), 𝑊𝑊(𝑑𝑑, 5𝑛𝑛), 𝑊𝑊(𝑑𝑑, 7𝑛𝑛), … … etc. as 

follows: 
𝑊𝑊(𝑑𝑑, 3𝑛𝑛) = (𝑑𝑑3𝑛𝑛+1

∗ , 𝑑𝑑3𝑛𝑛+2
∗ , … , 𝑑𝑑4𝑛𝑛

∗ , 𝑑𝑑4𝑛𝑛+1, 𝑑𝑑4𝑛𝑛+2, … , 𝑑𝑑5𝑛𝑛), 
𝑊𝑊(𝑑𝑑, 5𝑛𝑛) = (𝑑𝑑5𝑛𝑛+1

∗ , 𝑑𝑑5𝑛𝑛+2
∗ , … , 𝑑𝑑6𝑛𝑛

∗ , 𝑑𝑑6𝑛𝑛+1, 𝑑𝑑6𝑛𝑛+2, … , 𝑑𝑑7𝑛𝑛), 
 𝑊𝑊(𝑑𝑑, 7𝑛𝑛) = (𝑑𝑑7𝑛𝑛+1

∗ , 𝑑𝑑7𝑛𝑛+2
∗ , … , 𝑑𝑑8𝑛𝑛

∗ , 𝑑𝑑8𝑛𝑛+1, 𝑑𝑑8𝑛𝑛+2, … , 𝑑𝑑9𝑛𝑛),… 
and so on. 

Now using the above defined words we construct the point b as follows: 
𝑏𝑏 = (𝑑𝑑1, 𝑑𝑑2, 𝑑𝑑3, … , 𝑑𝑑𝑛𝑛 , (0∗)𝑛𝑛 , (0)𝑛𝑛 ,𝑊𝑊(𝑑𝑑, 3𝑛𝑛),𝑊𝑊(𝑑𝑑, 5𝑛𝑛),𝑊𝑊(𝑑𝑑, 7𝑛𝑛),𝑊𝑊(𝑑𝑑, 9𝑛𝑛), … ) 

where (0∗)𝑛𝑛 = 0∗, 0∗, 0∗, … 0∗, (0)𝑛𝑛 = 0,0,0, … ,0 and 0∗ = (𝑚𝑚 − 1) − 0 = 𝑚𝑚 − 1. 
From the construction of b, it is clear that b agrees with a up to the nth term. So by Proximity theorem, we have 

𝑚𝑚(𝑑𝑑, 𝑏𝑏) ≤ 1
𝑚𝑚𝑛𝑛 < 𝑟𝑟 and hence, 𝑏𝑏 ∈ 𝐵𝐵(𝑑𝑑, 𝑟𝑟) ⊆ 𝑈𝑈 ⊆ 𝑁𝑁(𝑑𝑑). Here, we see that b contains infinitely many words of the type 

𝑊𝑊(𝑑𝑑, (2𝑘𝑘 − 1)𝑛𝑛) containing 2n letters each where 𝑘𝑘 ≥ 2 is an integer. 
Also, 

𝜎𝜎3𝑛𝑛(𝑏𝑏) = (𝑑𝑑3𝑛𝑛+1
∗ , 𝑑𝑑3𝑛𝑛+2

∗ , … , 𝑑𝑑4𝑛𝑛
∗ , 𝑑𝑑4𝑛𝑛+1, 𝑑𝑑4𝑛𝑛+2, … , 𝑑𝑑5𝑛𝑛 , 𝑑𝑑5𝑛𝑛+1

∗ , 𝑑𝑑5𝑛𝑛+2
∗ , … ) 

𝜎𝜎4𝑛𝑛(𝑏𝑏) = (𝑑𝑑4𝑛𝑛+1, 𝑑𝑑4𝑛𝑛+2, … , 𝑑𝑑5𝑛𝑛 , 𝑑𝑑5𝑛𝑛+1
∗ , 𝑑𝑑5𝑛𝑛+2

∗ , … , 𝑑𝑑6𝑛𝑛
∗ , 𝑑𝑑6𝑛𝑛+1,𝑑𝑑6𝑛𝑛+2, … ) 

Therefore, 𝑠𝑠𝑠𝑠𝑝𝑝𝑚𝑚�𝜎𝜎𝑛𝑛(𝑑𝑑),𝜎𝜎𝑛𝑛(𝑏𝑏)� ≥ 𝑚𝑚(𝜎𝜎3𝑛𝑛(𝑑𝑑),𝜎𝜎3𝑛𝑛(𝑏𝑏)) and so 

lim
𝑛𝑛→∞

𝑠𝑠𝑠𝑠𝑝𝑝𝑚𝑚�𝜎𝜎𝑛𝑛(𝑑𝑑),𝜎𝜎𝑛𝑛(𝑏𝑏)� ≥ lim
𝑛𝑛→∞

𝑚𝑚(𝜎𝜎3𝑛𝑛(𝑑𝑑),𝜎𝜎3𝑛𝑛(𝑏𝑏)) ≥ lim
𝑛𝑛→∞

�
|𝑑𝑑3𝑛𝑛+𝑟𝑟 − 𝑑𝑑3𝑛𝑛+𝑟𝑟

∗ |
𝑚𝑚𝑟𝑟

𝑛𝑛

𝑟𝑟=1

 

≥ lim
𝑛𝑛→∞

�
1
𝑚𝑚

+
1
𝑚𝑚2 + ⋯+

1
𝑚𝑚𝑛𝑛� =

1
𝑚𝑚 − 1

 
Again, 0 ≤ lim𝑛𝑛→∞ 𝑑𝑑𝑛𝑛𝑓𝑓𝑚𝑚(𝜎𝜎𝑛𝑛(𝑑𝑑),𝜎𝜎𝑛𝑛(𝑏𝑏)) ≤ lim𝑛𝑛→∞ 𝑚𝑚(𝜎𝜎4𝑛𝑛(𝑑𝑑),𝜎𝜎4𝑛𝑛(𝑏𝑏)) 

=lim𝑛𝑛→∞ 𝑚𝑚((𝑑𝑑4𝑛𝑛+1, … , 𝑑𝑑5𝑛𝑛 , 𝑑𝑑5𝑛𝑛+1, … , 𝑑𝑑6𝑛𝑛 , 𝑑𝑑6𝑛𝑛+1, … ), (𝑑𝑑4𝑛𝑛+1, … , 𝑑𝑑5𝑛𝑛 , 𝑑𝑑5𝑛𝑛+1
∗ , 𝑑𝑑5𝑛𝑛+2

∗ , … … , 𝑑𝑑6𝑛𝑛
∗ , 𝑑𝑑6𝑛𝑛+1, … … )) 

≤ lim
𝑛𝑛→∞

��
𝑚𝑚 − 1
𝑚𝑚𝑛𝑛+1 +

𝑚𝑚− 1
𝑚𝑚𝑛𝑛+2 + ⋯+

𝑚𝑚− 1
𝑚𝑚2𝑛𝑛 � + �

𝑚𝑚 − 1
𝑚𝑚3𝑛𝑛+1 +

𝑚𝑚 − 1
𝑚𝑚3𝑛𝑛+2 + ⋯+

𝑚𝑚 − 1
𝑚𝑚4𝑛𝑛 � + ⋯� 

= lim
𝑛𝑛→∞

��
𝑚𝑚 − 1
𝑚𝑚

+
𝑚𝑚 − 1
𝑚𝑚2 + ⋯+

𝑚𝑚 − 1
𝑚𝑚𝑛𝑛 � . �

1
𝑚𝑚𝑛𝑛 +

1
𝑚𝑚3𝑛𝑛 +

1
𝑚𝑚5𝑛𝑛 + ⋯�� 

= lim
𝑛𝑛→∞

��1 −
1
𝑚𝑚𝑛𝑛� .

1
𝑚𝑚𝑛𝑛 �1 +

1
𝑚𝑚2𝑛𝑛 +

1
𝑚𝑚4𝑛𝑛 +

1
𝑚𝑚6𝑛𝑛 … … �� 
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= lim
𝑛𝑛→∞

��1 −
1
𝑚𝑚𝑛𝑛� .

1
𝑚𝑚𝑛𝑛 .

1

1 − 1
𝑚𝑚2𝑛𝑛

� 

= (1 − 0). 0. � 1
1−0

�=0 
Now, 0 ≤ lim𝑛𝑛→∞ 𝑑𝑑𝑛𝑛𝑓𝑓𝑚𝑚�𝜎𝜎𝑛𝑛(𝑑𝑑),𝜎𝜎𝑛𝑛(𝑏𝑏)� ≤ 0⇒ lim

𝑛𝑛→∞
𝑑𝑑𝑛𝑛𝑓𝑓𝑚𝑚�𝜎𝜎𝑛𝑛(𝑑𝑑),𝜎𝜎𝑛𝑛(𝑏𝑏)� = 0. 

So, it follows that lim𝑛𝑛→∞ 𝑠𝑠𝑠𝑠𝑝𝑝𝑚𝑚(𝜎𝜎𝑛𝑛(𝑑𝑑),𝜎𝜎𝑛𝑛(𝑏𝑏)) ≥ 1
𝑚𝑚−1

 and lim𝑛𝑛→∞ 𝑑𝑑𝑛𝑛𝑓𝑓𝑚𝑚(𝜎𝜎𝑛𝑛(𝑑𝑑),𝜎𝜎𝑛𝑛(𝑏𝑏)) = 0. 

Hence, (𝑑𝑑, 𝑏𝑏) ∈  ∑𝑚𝑚
2  is a Li-Yorke pair with modulus 𝛿𝛿 = 1

𝑚𝑚−1
> 0. Therefore, the dynamical systems (∑𝑚𝑚

+ ,𝜎𝜎+) has 
chaotic dependence on initial conditions. 

4. Topological Conjugacy and Some Chaotic properties 
In this section, we use the concept of topological conjugacy to establish that the forward shift map on the generalized 

m-symbol space is Devaney chaotic and as a consequence, it is chaotic in Auslander-Yorke’s sense. Further, it is proved 
that is Exact Devaney chaotic and consequently Mixing Devaney chaotic and Weakly mixing Devaney chaotic. 

In the last part of this section, we give an example of a continuous function that is topologically transitive but not chaotic. 
We also give a suitable example illustrating that all topologically transitive maps are not totally transitive. 

Theorem 4.1: If f and 𝑔𝑔 are topologically conjugate via mapping h and if p is a fixed point of f, then h(p) is a fixed point 
of 𝑔𝑔. 

Proof: Since ℎ(𝑝𝑝) = ℎ�𝑓𝑓(𝑝𝑝)� = (ℎ°𝑓𝑓)(𝑝𝑝) = (𝑔𝑔°ℎ)(𝑝𝑝) = 𝑔𝑔(ℎ(𝑝𝑝)), it follows that h(p) is a fixed point of 𝑔𝑔. 
Theorem 4.2: If f and 𝑔𝑔 are conjugate, the periodic points are carried into periodic points of the same periodic under 

conjugacy. 
Proposition 4.1: If the TDS 𝑓𝑓:𝑋𝑋 → 𝑋𝑋 is topologically conjugate to the TDS 𝑔𝑔:𝐿𝐿 → 𝐿𝐿 by the conjugacy map ℎ:𝑋𝑋 → 𝐿𝐿, 

then 
(i) f is topologically transitive if and only if 𝑔𝑔 is topologically transitive, 
(ii) f is DevC if and only if 𝑔𝑔 is DevC. 

Theorem 4.3: Let f and 𝑔𝑔 be topologically conjugate. Then,  f is chaotic if and only if 𝑔𝑔 is chaotic. 
Proof: From the definition of chaos and using the Theorems 4.1 and 4.2, and Proposition 4.1, we observe that all the 

conditions in the definition of chaos are satisfied. Hence, it follows that if two mappings are topologically conjugate, then 
they have exactly the same dynamics, that is, their behavior regarding the number and nature of the fixed and periodic 
points is the same. Thus, if f and 𝑔𝑔 be topologically conjugate, then f is chaotic if and only if 𝑔𝑔 is chaotic. 

Proposition 4.2: If the TDS 𝑓𝑓:𝑋𝑋 → 𝑋𝑋 is topologically semi-conjugated to the TDS 𝑔𝑔:𝐿𝐿 → 𝐿𝐿 then f is topologically 
transitive implies 𝑔𝑔 is topologically transitive. 

Theorem 4.4: The forward shift map 𝜎𝜎+: ∑𝑚𝑚
+ → ∑𝑚𝑚

+  and the map 𝑓𝑓𝑚𝑚  ∶ 𝑅𝑅/𝑍𝑍 → 𝑅𝑅/𝑍𝑍 such that 𝑓𝑓𝑚𝑚(𝑥𝑥) = 𝑚𝑚𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚 1) 
are topologically semi-conjugated. 

Note: The pre-image of every m-adic rational number in 𝑅𝑅/𝑍𝑍 = 𝐼𝐼/~ is a set of two distinct sequences in ∑𝑚𝑚
+ , one with 

a tail of 0’s and the other with a tail of (m-1)’s, so 𝛹𝛹 is not injective. Hence, by restricting the domain of Ψ, we make Ψ 
injective and thereby make it a conjugacy between 𝜎𝜎+ and 𝑓𝑓𝑚𝑚 . 

Theorem 4.5: The forward shift map 𝜎𝜎+: ∑𝑚𝑚
+ /~ → ∑𝑚𝑚

+ /~ and the map 𝑓𝑓𝑚𝑚(𝑥𝑥) = 𝑚𝑚𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚 1) on the space 𝑅𝑅/𝑍𝑍 are 
conjugated by the mapping 𝜎𝜎+: ∑𝑚𝑚

+ /~ → 𝑅𝑅/𝑍𝑍 defined by Ψ(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … ) = ∑ 𝑥𝑥i
𝑚𝑚 i

∞
i=1 . 

Proof: We have to establish that (i) 𝛹𝛹 is surjective and (ii) 𝛹𝛹𝑚𝑚𝜎𝜎+ = 𝑓𝑓𝑚𝑚𝑚𝑚𝛹𝛹. Now since every m-adic rational number in 
[0,1] is the image of two particular sequences in ∑𝑚𝑚

+  which are equivalent in ∑𝑚𝑚
+ /~, so every m-adic rational has only one 

and only one pre-image. Also since every non-m-adic rational has only one pre-image in ∑𝑚𝑚
+ /~(since every non-m-adic 

rational has unique m-nary expansion), so it immediately follows that 𝛹𝛹 is 1-1. Therefore, 𝛹𝛹 is a topological conjugacy 
between 𝜎𝜎+ and 𝑓𝑓𝑚𝑚 . 

Theorem 4.6: The map 𝑓𝑓𝑚𝑚(𝑥𝑥) = 𝑚𝑚𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚 1) on 𝑅𝑅/𝑍𝑍 is Devaney chaotic. 
Proof: We have already established that the shift map 𝜎𝜎+: ∑𝑚𝑚

+ /~ → ∑𝑚𝑚
+ /~ is Devaney chaotic and is topologically 

conjugate to the map 𝑓𝑓𝑚𝑚(𝑥𝑥) = 𝑚𝑚𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚 1) on 𝑅𝑅/𝑍𝑍. Since Devaney chaoticity retains under topological conjugacy, so, 
the map 𝑓𝑓𝑚𝑚(𝑥𝑥) = 𝑚𝑚𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚 1) on 𝑅𝑅/𝑍𝑍 must be Devaney chaotic. 

Theorem 4.7: The forward shift map 𝜎𝜎+: ∑𝑚𝑚
+ → ∑𝑚𝑚

+  is exact Devaney chaotic (EDevC). 
Proof: Let us first prove that the map 𝜎𝜎+: ∑𝑚𝑚

+ → ∑𝑚𝑚
+  is exact. For this, let U be any non-empty open set in ∑𝑚𝑚

+ . We now 
prove that there is an integer 𝑘𝑘 ∈ 𝑁𝑁 such that 𝜎𝜎𝑘𝑘(𝑈𝑈) = ∑𝑚𝑚

+ . Since U is non-empty, so there exists at least one element 
𝑥𝑥 ∈ 𝑈𝑈. Again, since U is open in ∑𝑚𝑚

+ , so for 𝑥𝑥 ∈ 𝑈𝑈, there must exist an open ball 𝐵𝐵(𝑥𝑥, 𝑟𝑟) such that 𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊆ 𝑈𝑈. Then, we 
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can choose some 𝑘𝑘 ∈ 𝑁𝑁 such that 1
𝑚𝑚𝑘𝑘 ≤ 𝑟𝑟. 

If we put 1
𝑚𝑚𝑘𝑘 = 𝑟𝑟1, then 𝑟𝑟1 = 1

𝑚𝑚𝑘𝑘 ≤ 𝑟𝑟 and hence clearly 𝐵𝐵(𝑥𝑥, 𝑟𝑟1) ⊆ 𝐵𝐵(𝑥𝑥, 𝑟𝑟)⊆𝑈𝑈. Then, for every  𝑦𝑦 ∈ 𝐵𝐵(𝑥𝑥, 𝑟𝑟1), we always 

have that 𝑚𝑚(𝑥𝑥,𝑦𝑦) < 𝑟𝑟1 = 1
𝑚𝑚𝑘𝑘 . 

From this, it immediately follows that x and y agree at least up to the kth term. Also after kth term, all the sequences in ∑𝑚𝑚
+  

may be tails of y. That is 𝐵𝐵(𝑥𝑥, 𝑟𝑟1) contains all the points whose first k digits agree with x and the tails are all the sequence 
of ∑𝑚𝑚

+ . Hence the kth iterates of all these points in 𝐵𝐵(𝑥𝑥, 𝑟𝑟1) constitute the space ∑𝑚𝑚
+ , i.e., 𝜎𝜎𝑘𝑘�𝐵𝐵(𝑥𝑥, 𝑟𝑟1)� = ∑𝑚𝑚

+ . 
Also, 

𝐵𝐵(𝑥𝑥, 𝑟𝑟1) ⊆ 𝑈𝑈 ⇒ 𝜎𝜎𝑘𝑘(𝐵𝐵(𝑥𝑥, 𝑟𝑟1)) ⊆ 𝜎𝜎𝑘𝑘(𝑈𝑈) 
                                                                          ⇒ ∑𝑚𝑚

+  ⊆ 𝜎𝜎𝑘𝑘(𝑈𝑈) 
          ⇒ ∑𝑚𝑚

+ = 𝜎𝜎𝑘𝑘(𝑈𝑈),   [ Since ∑𝑚𝑚
+ ⊇ 𝜎𝜎𝑘𝑘(𝑈𝑈)] 

Since U is an arbitrary non-empty open set of ∑𝑚𝑚
+ , so the result ∑𝑚𝑚

+ = 𝜎𝜎𝑘𝑘(𝑈𝑈) is true for every non-empty open set U of 
∑𝑚𝑚

+ . Therefore, 𝜎𝜎+ is an exact map on ∑𝑚𝑚
+ . 

So it follows that 𝜎𝜎+ is exact Devaney chaotic. As 𝜎𝜎+ is exact Devaney chaotic, therefore, it also mixing Devaney 
chaotic and weak mixing Devaney chaotic. 

Here we give an example of a continuous function that is topologically transitive but not chaotic. We also give a suitable 
example illustrating that all topologically transitive maps are not totally transitive. 

Example 4.1: Let 𝑇𝑇(𝑥𝑥) = 1 − |2𝑥𝑥 − 1|for 0 ≤ 𝑥𝑥 ≤ 1 and let 𝑚𝑚1 be a continuous map from 
�− 1

2
, 1� to itself defined by 𝑚𝑚1(𝑥𝑥) = −𝑥𝑥 for− 1

2
≤ 𝑥𝑥 ≤ 0 and 𝑚𝑚1(𝑥𝑥) = 𝑇𝑇(𝑥𝑥) for 0 ≤ 𝑥𝑥 ≤ 1. 

Then 𝑚𝑚1is chaotic on �− 1
2

, 1� but 𝑚𝑚1 is not topologically transitive [7]. 
Again from the following example, we can see that all topologically transitive maps are not totally transitive. 
Example 4.2: Let 𝐽𝐽(𝑥𝑥) be a continuous map from [0,1] onto itself defined by 

𝐽𝐽(𝑥𝑥) =

⎩
⎪
⎨

⎪
⎧ 4𝑥𝑥 +

1
5

,                 0 ≤ 𝑥𝑥 ≤
1
5

−4𝑥𝑥 +
9
5

,                 
1
5
≤ 𝑥𝑥 ≤

3
5

3
2
−

3
2
𝑥𝑥 ,                    

3
5
≤ 𝑥𝑥 ≤ 1

� 

We can easily prove that the map 𝐽𝐽 is topologically transitive on [0,1]. Here we can see that the subintervals [0, 3
5
] and 

[3
5

, 1] are invariant under 𝐽𝐽2, so 𝐽𝐽2 is not topologically transitive on [0,1]. Hence,𝐽𝐽(𝑥𝑥) is not totally transitive on [0, 1]. 
Therefore, all topologically transitive maps are not totally transitive [10]. 

5. Conclusions 
In this paper, we have proved some chaos related properties of the forward shift transformation on ∑𝑚𝑚

+ , we have proved 
some new results by applying the properties of topological conjugacy. To derive most of the results, we have applied the 
Proximity theorem and metric space properties. We have proved that the shift map is the sensitive dependence on initial 
conditions in a more explanatory way. We have established that the shift map on ∑𝑚𝑚

+ /~ is topologically conjugated to the 
map 𝑓𝑓𝑚𝑚(𝑥𝑥) = 𝑚𝑚𝑥𝑥 (𝑚𝑚𝑚𝑚𝑚𝑚 1) on 𝑅𝑅/𝑍𝑍. We have concluded in this paper that 𝑓𝑓𝑚𝑚(𝑥𝑥) = 𝑚𝑚𝑥𝑥 (𝑚𝑚𝑚𝑚𝑚𝑚 1) on 𝑅𝑅/𝑍𝑍  is Devaney 
chaotic and we see that the shift map 𝜎𝜎+: ∑𝑚𝑚

+ → ∑𝑚𝑚
+  is exact Devaney chaotic. 

In this article, we have discussed with examples that a continuous function which is topologically transitive but not 
chaotic in the sense of Du and all topologically transitive maps are not totally transitive. We believe that there are several 
other aspects of the forward shift map which can be explored. These may be taken up in future works. 
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