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  Abstract 
This work is committed to find the analytical solution of the versatile 
Sturm-Liouville equation with variable coefficients by kernelization approach. 
The introduced generated reproducing kernel Hilbert space (RKHS) structure is 
subjugated to represent the solution of such problems over the suggested kernel 
Hilbert space. The advancement of the suggested kernel is built on the matrix 
structure of the Strum-Liouville operator and the Gram-Schmidt orthogonalization 
to construct an orthonormal sequences in an inner product Hilbert space. We ex-
hibit the legitimacy of the formalized reproducing kernel Hilbert space to the 
reckoned Sturm-Liouville differential equation with variable coefficients. Uni-
form convergence of the approximated solution retaining the recommended 
scheme is surveyed. The envisaged RHKS, the deployed Sturm-Liouville operator 
and the analytical solution of the aimed problem are instituted to show the recital 
of the recommended scheme. 
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1. Introduction 

Recently, some studies have been done in an effort to find the analytical and numerical solutions of Sturm-Liouville 
differential equation  [1]. Analytical solution of some specific types of Sturm-Liouville differential equations with con-
stant coefficients is obtained by several methods in  [2]  [3]. This paper is devoted to give the reproducing kernel function 
of the differential equation. 

𝑑𝑑
𝑑𝑑𝑑𝑑
�𝑝𝑝(𝑑𝑑) 𝑑𝑑

𝑑𝑑𝑑𝑑
� 𝑦𝑦(𝑑𝑑) + 𝜆𝜆𝜆𝜆(𝑑𝑑)𝑦𝑦(𝑑𝑑) = 𝑞𝑞(𝑑𝑑)𝑦𝑦(𝑑𝑑),                         (1.1) 

where the coefficients 𝑝𝑝(𝑑𝑑), 𝑞𝑞(𝑑𝑑) and 𝜆𝜆(𝑑𝑑) are completely monotonic functions, also the eigen functions 𝑢𝑢(𝑑𝑑) satisfy 
the initial condition 𝑢𝑢(0) = 0. The reproducing kernel was first presented in the 1907 through the work of Stanisław Za-
remba relating to boundary problems for harmonic functions, concomitantly with that of James Mercer for some integral 
equations. Reproducing kernel theory has versatile implementations in integral equations, differential equations, proba-
bility and statistics  [4-6]. Recently, this theory is pragmatic for numerous model problems by many authors. Li and Cui 
use reproducing kernel theory for finding accurate solution of a special class of nonlinear operator equations in  [7]. Geng 
and Cui in  [8], employing an exponential kernel attained an approximate solution for a second order nonlinear system of 
differential equations. Jiang and Lin applied reproducing kernel theory to get approximate solution of time-fractional 
telegraph equation in  [9]. 

In  [10], Geng constructed a RKHS for attaining a convergent series solution of fourth-order boundary value problems. 
Arqub et al. in  [11], utilized RH theory to find an approximate solution of different sorts of Fredholm integro-differential 
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equations. Bushnaq et al. in  [12] proposed RH scheme for solving fractional Fredholm integro-differential equations, 
which results in a uniformly convergent approximate solution with its derivatives. In  [13], Geng et al. suggested a mod-
ified reproducing kernel method for solving singular perturbation problem. As of late, periodic boundary value problem 
of two-point second-order mixed integro-differential equation is tackled in  [14-18]. A class of second order difference 
operators with indefinite weights and coupled boundary conditions is treated in  [19-20]. The present paper is structured 
as follows: Section 2 is dedicated to introduce the principle properties of the class of the Hilbert space theory and sug-
gested RKHS. In section 3, we discuss the recommended representation of the Sturm-Liouville operator in equation (1.1). 
Section 4, is devoted to the main results. 

2. Preliminaries 
A RKHS is related with a kernel that reproduces each function in the considered space as in for any 𝑑𝑑 in the set on 

which the functions are defined, “estimation of 𝑑𝑑” can be implemented by taking an inner product with a function deter-
mined by the kernel. Such a kernel exists if and just if each functional is continuous. This section introduces the required 
basic definitions, theorem and reproducing kernel from functional analysis related to Hilbert space  [4]  [15]  [21]  [22]. 

Definition 2.1 Let 𝑋𝑋 be a nonempty set. A function 𝑘𝑘 ∶ 𝑋𝑋 × 𝑋𝑋 → ℂ is called a reproducing kernel function of the 
Hilbert space ℋ if and only if  

a) 𝑘𝑘 (∙, 𝑡𝑡)  ∈  ℋ for all 𝑡𝑡 ∈  𝑋𝑋 , 
b) < 𝜙𝜙 ,𝑘𝑘 (∙ , 𝑡𝑡) >= 𝜙𝜙 (𝑡𝑡) for all 𝑡𝑡 ∈  𝑋𝑋  and 𝜙𝜙 ∈  ℋ . (The reproducing property) 

Any Hilbert space ℋ is called a reproducing kernel Hilbert space, if there exists a reproducing kernel function 
𝑘𝑘 ∶ 𝑋𝑋 × 𝑋𝑋 → ℂ for some nonempty set𝑋𝑋. Let 𝐴𝐴𝐴𝐴[𝑎𝑎,𝑏𝑏] denotes the space of absolutely continuous functions on [𝑎𝑎, 𝑏𝑏]. 

Theorem 2.2 The space 𝑊𝑊2
3[𝑎𝑎, 𝑏𝑏] ≔ {𝑢𝑢|𝑢𝑢,𝑢𝑢′ ,𝑢𝑢′′ ∈ 𝐴𝐴𝐴𝐴[𝑎𝑎, 𝑏𝑏], 𝑢𝑢(3) ∈ 𝐿𝐿2[𝑎𝑎, 𝑏𝑏]} is a reproducing kernel space and its 

reproducing kernel function is given by 

𝑇𝑇𝑧𝑧(𝑑𝑑) = �
∑ 𝑐𝑐𝑖𝑖(𝑧𝑧)𝑑𝑑𝑖𝑖−1    ,   𝑑𝑑 ≤ 𝑧𝑧  6
𝑖𝑖=1

∑ 𝑑𝑑𝑖𝑖(𝑧𝑧)𝑑𝑑𝑖𝑖−1    ,   𝑧𝑧 < 𝑑𝑑6
𝑖𝑖=1

�,                              (2.1) 

where the inner product and the norm in 𝑊𝑊2
3[𝑎𝑎, 𝑏𝑏]are specified by 

< 𝑢𝑢, 𝑣𝑣 >𝑊𝑊2
3 = �𝑢𝑢(𝑖𝑖)(𝑎𝑎)𝑣𝑣(𝑖𝑖)(𝑎𝑎)

2

𝑖𝑖=0

+ �𝑢𝑢(3)(𝑑𝑑)𝑣𝑣(3)(𝑑𝑑) 𝑑𝑑𝑑𝑑  ,
𝑏𝑏

𝑎𝑎

𝑢𝑢, 𝑣𝑣 ∈ 𝑊𝑊2
3[𝑎𝑎, 𝑏𝑏], 

‖𝑢𝑢‖𝑊𝑊2
3 = �< 𝑢𝑢,𝑢𝑢 >𝑊𝑊2

3     ;     𝑢𝑢 ∈ 𝑊𝑊2
3[𝑎𝑎, 𝑏𝑏] . 

For any solution of the form𝑇𝑇𝑧𝑧 ∈ 𝑊𝑊2
3[𝑎𝑎,𝑏𝑏], we have 

< 𝑢𝑢,𝑇𝑇𝑧𝑧 >𝑊𝑊2
3 = 𝑢𝑢(𝑎𝑎)𝑇𝑇𝑧𝑧(𝑎𝑎) + 𝑢𝑢′(𝑎𝑎)𝑇𝑇𝑧𝑧′(𝑎𝑎) + 𝑢𝑢′′(𝑎𝑎)𝑇𝑇𝑧𝑧′′(𝑎𝑎) + ∫ 𝑢𝑢(3)(𝑡𝑡)𝑇𝑇𝑧𝑧

(3)(𝑡𝑡) 𝑑𝑑𝑡𝑡;𝑏𝑏
𝑎𝑎 𝑢𝑢,𝑇𝑇𝑧𝑧𝜖𝜖 𝑊𝑊2

3[𝑎𝑎, 𝑏𝑏]. (2.2) 

Iterative integration leads to 

< 𝑢𝑢(𝑡𝑡),𝑇𝑇𝑧𝑧(𝑡𝑡) >𝑊𝑊2
6 = 𝑢𝑢(𝑎𝑎)[𝑇𝑇𝑧𝑧(𝑎𝑎) − 𝑇𝑇𝑧𝑧

(5)(𝑎𝑎)] + 𝑢𝑢′(𝑎𝑎)[𝑇𝑇𝑧𝑧′(𝑎𝑎) + 𝑇𝑇𝑧𝑧
(4)(𝑎𝑎)] + 𝑢𝑢′′(𝑎𝑎)[𝑇𝑇𝑧𝑧′′(𝑎𝑎) − 𝑇𝑇𝑧𝑧

(3)(𝑎𝑎)] 

             +𝑢𝑢(𝑏𝑏)𝑇𝑇𝑧𝑧
(5)(𝑏𝑏) − 𝑢𝑢′(𝑏𝑏)𝑇𝑇𝑧𝑧

(4)(𝑏𝑏) + 𝑢𝑢′′ (𝑏𝑏)𝑇𝑇𝑧𝑧
(3)(𝑏𝑏) − ∫ 𝑢𝑢(𝑡𝑡)𝑇𝑇𝑧𝑧

(6)(𝑡𝑡) 𝑑𝑑𝑡𝑡𝑏𝑏
𝑎𝑎 .      (2.3)  

Since 𝑢𝑢,𝑇𝑇𝑧𝑧𝜖𝜖 𝑊𝑊2
3[𝑎𝑎, 𝑏𝑏], it follows that 𝑢𝑢(𝑎𝑎) = 𝑢𝑢(𝑏𝑏) = 𝑇𝑇𝑧𝑧(𝑎𝑎) = 𝑇𝑇𝑧𝑧(𝑏𝑏) = 0. Now, the space 𝑊𝑊2

3[𝑎𝑎, 𝑏𝑏] is a reproducing 
kernel space if for each fixed point𝑧𝑧 ∈ [𝑎𝑎, 𝑏𝑏] and any𝑢𝑢 ∈ 𝑊𝑊2

3[𝑎𝑎, 𝑏𝑏], there exists a function 𝑇𝑇𝑧𝑧  such that 𝑢𝑢(𝑧𝑧) =<
𝑢𝑢(𝑡𝑡),𝑇𝑇𝑧𝑧(𝑡𝑡) >𝑊𝑊2

3 .  
This is attested under the conditions that 

𝑇𝑇𝑧𝑧′(𝑎𝑎) = −𝑇𝑇𝑧𝑧
(4)(𝑎𝑎), 𝑇𝑇𝑧𝑧′′ (𝑎𝑎) = 𝑇𝑇𝑧𝑧

(3)(𝑎𝑎) ,𝑇𝑇𝑧𝑧
(3)(𝑏𝑏) = 𝑇𝑇𝑧𝑧

(4)(𝑏𝑏) = 0 .                (2.4) 
Hence, equations (2.2) and (2.3) imply that 

< 𝑢𝑢,𝑇𝑇𝑧𝑧 >𝑊𝑊2
3 = −∫ 𝑢𝑢(𝑡𝑡)𝑇𝑇𝑧𝑧

(6)(𝑡𝑡) 𝑑𝑑𝑡𝑡𝑏𝑏
𝑎𝑎 =  𝑢𝑢(𝑧𝑧) , 

−𝑇𝑇𝑧𝑧
(6)(𝑡𝑡) = 𝛿𝛿(𝑡𝑡 − 𝑧𝑧).                                    (2.5) 

That is, if 𝑡𝑡 ≠ 𝑧𝑧  , then 𝑇𝑇𝑧𝑧
(6)(𝑡𝑡) = 0. 

Equation (2.5) indicates that 
𝜕𝜕𝑗𝑗𝑇𝑇𝑧𝑧+(𝑧𝑧) = 𝜕𝜕𝑗𝑗𝑇𝑇𝑧𝑧−(𝑧𝑧)  ; 𝑗𝑗 = 0,1,2,3,4  , and 𝜕𝜕5𝑇𝑇𝑧𝑧+(𝑧𝑧) − 𝜕𝜕5𝑇𝑇𝑧𝑧−(𝑧𝑧) = −1.               (2.6) 
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Thereby, the reproducing kernel function is given by  

𝑇𝑇𝑧𝑧(𝑡𝑡) = �
∑ 𝑐𝑐𝑖𝑖(𝑧𝑧)𝑡𝑡𝑖𝑖−1    ,   𝑡𝑡 ≤ 𝑧𝑧  6
𝑖𝑖=1

∑ 𝑑𝑑𝑖𝑖(𝑧𝑧)𝑡𝑡𝑖𝑖−1    ,   𝑧𝑧 < 𝑡𝑡6
𝑖𝑖=1

�. 

As claimed in (2.1), where the coefficients can be determined by using (2.4), (2.6) and  𝑇𝑇𝑧𝑧(𝑎𝑎) = 𝑇𝑇𝑧𝑧(𝑏𝑏) = 0. Some nu-
merical examples are deeply considered in  [22]. 

3. Representation of the Sturm-Liouville operator 
In this section, we provide the matrix representation of the Sturm-Liouville equation (1.1) in the Hilbert 

space 𝑊𝑊2
3[0,𝑋𝑋]. Consider the operator 𝒜𝒜 ∶  𝑊𝑊2

3[0,𝑋𝑋] →  𝑊𝑊2
3[0,𝑋𝑋] defined by 

𝒜𝒜𝑦𝑦(𝑑𝑑): = 𝑃𝑃(𝑑𝑑)𝑦𝑦′′ (𝑑𝑑) + 𝑃𝑃′(𝑑𝑑)𝑦𝑦′(𝑑𝑑).                                                                     (3.1) 
Thereby, the Sturm-Liouville equation (1.1) can be rewritten in the form 

�
𝒜𝒜𝑦𝑦(𝑑𝑑) = 𝑓𝑓(𝑑𝑑,𝑦𝑦)   , 𝑑𝑑 ∈ [0,𝑋𝑋]

    𝑦𝑦(0) = 0                   
�,                                 (3.2) 

where  𝑓𝑓(𝑑𝑑,𝑦𝑦) = [𝜆𝜆𝜆𝜆(𝑑𝑑) − 𝑞𝑞(𝑑𝑑)]𝑦𝑦(𝑑𝑑). It is obvious that the operator 𝒜𝒜 ∶ 𝑊𝑊2
3[0,𝑋𝑋] → 𝑊𝑊2

3[0,𝑋𝑋] is a bounded linear 
operator. Setting 𝜙𝜙𝑖𝑖(x) = 𝒜𝒜𝑑𝑑𝑖𝑖(𝑑𝑑)  and  𝜓𝜓𝑖𝑖(x) = 𝒜𝒜∗𝜙𝜙𝑖𝑖(𝑑𝑑) , where 𝒜𝒜∗ is the adjoint operator of 𝒜𝒜 . Using the 
Gram-Schmidt orthognalization process  [23]of {𝜓𝜓𝑖𝑖(𝑑𝑑)}𝑖𝑖=1

∞ , we will obtain the orthogonal system{𝜓𝜓�𝑖𝑖(𝑑𝑑)}𝑖𝑖=1
∞ : 

𝜓𝜓�𝑖𝑖(𝑑𝑑) = ∑ 𝑎𝑎𝑖𝑖𝑗𝑗  𝜓𝜓𝑖𝑖(𝑑𝑑)  ;     𝑎𝑎𝑖𝑖𝑗𝑗 > 0, 𝑖𝑖 = 1,2, … .𝑖𝑖
𝑗𝑗=1                    (3.3) 

4. Main Results 
Lemma 4.1 For every dense sequence {𝑑𝑑𝑖𝑖}𝑖𝑖=1

∞  on[0,𝑋𝑋], the system {𝜓𝜓𝑖𝑖(𝑑𝑑)}𝑖𝑖=1
∞  is a complete system of 𝑊𝑊2

3[0,𝑋𝑋] 
and  𝜓𝜓𝑖𝑖(𝑑𝑑) = �𝒜𝒜(𝑡𝑡)𝑇𝑇𝑑𝑑(𝑡𝑡)|𝑡𝑡=𝑑𝑑𝑖𝑖 . 
Proof. We have 

 𝜓𝜓𝑖𝑖(𝑑𝑑) = 𝒜𝒜∗(𝑑𝑑)𝜙𝜙𝑖𝑖(𝑑𝑑) =< 𝒜𝒜∗(𝑡𝑡)𝜙𝜙𝑖𝑖(𝑡𝑡),𝑇𝑇𝑑𝑑(𝑡𝑡) > 
=< 𝜙𝜙𝑖𝑖(𝑡𝑡),𝒜𝒜(𝑡𝑡)𝑇𝑇𝑑𝑑(𝑡𝑡) >= �𝒜𝒜(𝑡𝑡)𝑇𝑇𝑑𝑑(𝑡𝑡)|𝑡𝑡=𝑑𝑑𝑖𝑖 , 𝑖𝑖 = 1,2, …. 

Now, let 𝑢𝑢(𝑑𝑑) = 𝑊𝑊2
3[0,𝑋𝑋] and < 𝑢𝑢(𝑑𝑑),𝜓𝜓𝑖𝑖(𝑑𝑑) >= 0 for 𝑖𝑖 = 1,2, … 

Hence, for all  𝜓𝜓𝑖𝑖(𝑑𝑑) ∈ 𝑊𝑊2
3[0,𝑋𝑋], we have < 𝑢𝑢(𝑑𝑑),𝒜𝒜∗(𝑑𝑑)𝜙𝜙𝑖𝑖(𝑑𝑑) >=< 𝐴𝐴(𝑑𝑑)𝑢𝑢(𝑑𝑑),𝜙𝜙𝑖𝑖(𝑑𝑑) >= 𝒜𝒜(𝑑𝑑𝑖𝑖)𝑢𝑢(𝑑𝑑𝑖𝑖) = 0. 

Consequently, 𝑢𝑢 = 0 ; since {𝑑𝑑𝑖𝑖}𝑖𝑖=1
∞ is a dense sequence on [0,𝑋𝑋]. 

Corollary 4.2 The sequence {𝜓𝜓�𝑖𝑖(𝑑𝑑)}𝑖𝑖=1
∞  is the complete basis of  𝑊𝑊2

3[0,𝑋𝑋] . 
Theorem 4.3 For every dense sequence {𝑑𝑑𝑖𝑖}𝑖𝑖=1

∞  on[0,𝑋𝑋], the solution of the Sturm-Liouville equation (1.1) is given 
by: 

   𝑦𝑦(𝑑𝑑) = ��𝑎𝑎𝑖𝑖𝑗𝑗 𝑓𝑓 �𝑑𝑑𝑗𝑗 ,𝑢𝑢(𝑑𝑑𝑖𝑖)�𝜓𝜓�𝑖𝑖(𝑑𝑑)  ,   𝑎𝑎𝑖𝑖𝑗𝑗 > 0, 𝑖𝑖 = 1,2, …
𝑖𝑖

𝑗𝑗=1

∞

𝑖𝑖=1

                              (4.1) 

Proof. Applying the reproducing property 
< 𝑣𝑣(𝑑𝑑),𝜙𝜙𝑖𝑖(𝑑𝑑) >= 𝑣𝑣(𝑑𝑑𝑖𝑖)  ∀  𝑣𝑣(𝑑𝑑) ∈ 𝑊𝑊2

3[0,𝑋𝑋]. 
This implies that  

𝑦𝑦(𝑑𝑑) = � < 𝑦𝑦(𝑑𝑑),𝜓𝜓�𝑖𝑖(𝑑𝑑) >𝑊𝑊2
3[0,𝑋𝑋] 𝜓𝜓�𝑖𝑖(𝑑𝑑)

∞

𝑖𝑖=1

 

                         = ��𝑎𝑎𝑖𝑖𝑘𝑘 < 𝑦𝑦(𝑑𝑑),𝒜𝒜∗𝑇𝑇𝑑𝑑𝑘𝑘 (𝑑𝑑) >𝑊𝑊2
3[0,𝑋𝑋] 𝜓𝜓�𝑖𝑖(𝑑𝑑)

𝑖𝑖

𝑘𝑘=1

∞

𝑖𝑖=1

 

                     = ��𝑎𝑎𝑖𝑖𝑘𝑘 < 𝒜𝒜𝑦𝑦(𝑑𝑑),𝑇𝑇𝑑𝑑𝑘𝑘 (𝑑𝑑) >𝑊𝑊2
3[0,𝑋𝑋] 𝜓𝜓�𝑖𝑖(𝑑𝑑)

𝑖𝑖

𝑘𝑘=1

∞

𝑖𝑖=1
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                         = ��𝑎𝑎𝑖𝑖𝑘𝑘 < 𝑓𝑓�𝑑𝑑,𝑦𝑦(𝑑𝑑)�,𝑇𝑇𝑑𝑑𝑘𝑘 (𝑑𝑑) >𝑊𝑊2
3[0,𝑋𝑋] 𝜓𝜓�𝑖𝑖(𝑑𝑑)

𝑖𝑖

𝑘𝑘=1

∞

𝑖𝑖=1

 

= ��𝑎𝑎𝑖𝑖𝑘𝑘𝑓𝑓�𝑑𝑑𝑘𝑘 ,𝑢𝑢(𝑑𝑑𝑘𝑘)�𝜓𝜓�𝑖𝑖(𝑑𝑑)
𝑖𝑖

𝑘𝑘=1

∞

𝑖𝑖=1

 

Corollary 4.4 The approximate solution  

𝑦𝑦𝑁𝑁(𝑑𝑑) = ��𝑎𝑎𝑖𝑖𝑗𝑗 𝑓𝑓 �𝑑𝑑𝑗𝑗 ,𝑢𝑢(𝑑𝑑𝑖𝑖)�𝜓𝜓�𝑖𝑖(𝑑𝑑)  ,   𝑎𝑎𝑖𝑖𝑗𝑗 > 0, 𝑖𝑖 = 1,2, …
𝑖𝑖

𝑗𝑗=1

𝑁𝑁

𝑖𝑖=1

,𝑁𝑁             (4.2) 

and its first derivative 𝑦𝑦′𝑁𝑁(𝑑𝑑)are uniformly convergent on [0,𝑋𝑋]. 
Proof. We have to show that for every solution 𝑦𝑦(𝑑𝑑) in the space 𝑊𝑊2

3[0,𝑋𝑋] , there exists a certain constant 𝐸𝐸 >
0 such that  

�𝑦𝑦(𝑖𝑖)(𝑑𝑑)�
𝐴𝐴[0,𝑋𝑋] ≤ 𝐸𝐸‖𝑦𝑦(𝑑𝑑)‖ 𝑊𝑊2

3[0,𝑋𝑋], 𝑖𝑖 = 0,1 ; where�𝑦𝑦(𝑖𝑖)(𝑑𝑑)�
𝐴𝐴[0,𝑋𝑋] = 𝑚𝑚𝑎𝑎𝑑𝑑𝑑𝑑∈[0,𝑋𝑋]|𝑦𝑦(𝑑𝑑)|.       (4.3) 

Since, for every 𝑑𝑑 ∈ [0,𝑋𝑋], 𝑦𝑦(𝑖𝑖)(𝑑𝑑) can be written as 
𝑦𝑦(𝑖𝑖)(𝑑𝑑) =< 𝑦𝑦(𝑑𝑑),𝜕𝜕𝑑𝑑𝑖𝑖 𝑇𝑇𝑑𝑑(𝑑𝑑) >𝑊𝑊2

3[0,𝑋𝑋] ,   𝑖𝑖 = 0,1. 

So, 

�𝑦𝑦(𝑖𝑖)(𝑑𝑑)� = �< 𝑦𝑦(𝑑𝑑),𝜕𝜕𝑑𝑑𝑖𝑖 𝑇𝑇𝑑𝑑(𝑑𝑑) >𝑊𝑊2
3[0,𝑋𝑋]� 

�𝑦𝑦(𝑖𝑖)(𝑑𝑑)� ≤ ‖𝑦𝑦(𝑑𝑑)‖𝑊𝑊2
3[0,𝑋𝑋]�𝜕𝜕𝑑𝑑𝑖𝑖 𝑇𝑇𝑑𝑑(𝑑𝑑)�

𝑊𝑊2
3[0,𝑋𝑋] ≤ 𝐸𝐸𝑖𝑖‖𝑦𝑦(𝑑𝑑)‖𝑊𝑊2

3[0,𝑋𝑋] , 𝑖𝑖 = 0,1  , 

where 𝐸𝐸0 and  𝐸𝐸1 are nonzero positive constants. Therefore, 
�𝑦𝑦(𝑖𝑖)(𝑑𝑑)�

𝐴𝐴[0,𝑋𝑋] ≤ 𝐸𝐸‖𝑦𝑦(𝑑𝑑)‖ 𝑊𝑊2
3[0,𝑋𝑋], 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝐸𝐸 = 𝑚𝑚𝑎𝑎𝑑𝑑{𝐸𝐸0,𝐸𝐸1} , 𝑖𝑖 = 0,1. 

Therefrom, we conclude that 
�𝑦𝑦𝑁𝑁

(𝑖𝑖)(𝑑𝑑) − 𝑦𝑦(𝑖𝑖)(𝑑𝑑)� = �< (𝑦𝑦𝑁𝑁(𝑑𝑑) − 𝑦𝑦(𝑑𝑑)),𝜕𝜕𝑑𝑑𝑖𝑖 𝑇𝑇𝑑𝑑(𝑑𝑑) >𝑊𝑊2
3[0,𝑋𝑋]� 

≤ ‖𝑦𝑦𝑁𝑁(𝑑𝑑) − 𝑦𝑦(𝑑𝑑)‖𝑊𝑊2
3[0,𝑋𝑋]�𝜕𝜕𝑑𝑑𝑖𝑖 𝑇𝑇𝑑𝑑(𝑑𝑑)�

𝑊𝑊2
3[0,𝑋𝑋] 

≤ 𝐸𝐸‖𝑦𝑦𝑁𝑁(𝑑𝑑) − 𝑦𝑦(𝑑𝑑)‖𝑊𝑊2
3[0,𝑋𝑋] , 𝑖𝑖 = 0,1. 

5. Concluding Remarks 
In this paper, we examine the solution of the Sturm-Liouville differential equation with variable coefficients problem. 

The reproducing kernel Hilbert space (RKHS) scheme is exploited to figure an answer to the deemed problem. The de-
velopment of the reproducing kernel based on the matrix representation of the Strum-Liouville operator is introduced. 
Thence, the Gram–Schmidt orthogonalization process is utilized to deduce a dense set of orthonormal sequences in an 
inner product Hilbert space. This in turns construct the main core solution of the understudy Strum-Liouville problem. 
We demonstrate the validity of the proposed RKHS forming the solution of the Sturm-Liouville differential equation 
with variable coefficients problem. The uniform convergence of the approximate solution and its first derivative employ-
ing the proposed method is explored. The results disclose that the proposed analytical RKHS scheme can produce excep-
tional results in foreseeing the solutions of such versatile Sturm-Liouville problems. 
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