H i L L Journal of Applied Mathematics and Computation, 2022, 6(3), 332-342
https://www.hillpublisher.com/journals/JAMC/

PUBLISHING o e
Riemann-Stieltjes Operators Between
Zygmund-Type Spaces

Zhitao Guo

School of Science, Henan Institute of Technology, Xinxiang, Henan, China.

How to cite this paper: Zhitao Guo. (2022) A r
Riemann-Stieltjes ~ Operators ~ Between bstract

Zygmund-Type Spaces. Journal of Applied it dicl i P
Mathematics and Computation.  6(3). Let D be the open unit disk in the complex plane C. The integral operators J,

332-342. _ and |, called the Riemann-Stieltjes operators or the Volterra type operators are
DOI: 10.26855/jamc.2022.09.005 i
defined by

Received: July 1, 2022

Accepted: July 28,2022 L@ =] 1©g©ds and 1,(2)=[ F'(£)g(&)ds,

Published: September 8, 2022

*Corresponding author: Zhitao Guo where g and f are analytic functions on ) and zeD). Suppose X and

School of Science, Henan Institute of Yy are Banach spaces and T: X — Y is a linear operator. If there exists a posi-

Technology, Xinxiang, Henan, China. . .

Email: guota060698@163.com tive constant C such that [TX||<C[X| forevery xe X ,thenwe say that T isa
bounded linear operator from X into y. If T maps every bounded set of X
to a relatively compact set of y, then T is called a compact operator. The boun-
dedness and compactness of a linear operator acting between the spaces of analytic
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1. Introduction

Let D be the open unit disk in the complex plane C and H (D) the space of all analytic functions on . Denote by

N the set of positive integers. For 0 < ¢ < oo, the Bloch-type space B*, which also can be called the « -Bloch space,
consists of all functions f € H (D) satisfying

sup(l-|z[)* | f'(2) koo

zed .

s =1 F0) [+sup,, A=z [)* | f'(z)|. 1t is well-known that for
O<a<1, B* isasubspace of H>, the space of bounded analytic functions on 1. Moreover, B* equals to the analytic
Lipschitz space of order 1—« whenever 0 < a <1.When o =1, we get the classical Bloch space B .

We denote by 7“ the Zygmund-type space (or the «a -Zygmund space), which consists of all functions f € H(D)
such that

B becomes a Banach space normed by ||f

sup(l-|z )" | f"(z) | o0

zeD .
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Under the norm || f|,. =| f(0)|+] f'(0) |+sup,.,(1—|zF)* | "(z)|, z* isaBanachspace.When ¢ =1, 7 reduce

to the classical Zygmund space. For some results on B*, Z¢ and a variety of operators on them, see, for example, [1-15].
Suppose that g € H(D). The integral operator Jy called the Riemann-Stieltjes operator (see [16]) or the Volterra type

operator (see [17]) is defined by
3,@=[fdg = ()2’ )it = [ 1()g'(£)d¢

where f < H(p) and zeD. Note that Jg can be viewed as a generalization of the well-known Cesaro operator, and their

study was initiated by Alemann and Siskakis [18], where they showed that Jg is bounded (compact) on Hardy space HP®,
1<p<oo,ifandonlyif ge BMOA (g e VMOA).
Another natural Riemann-Stieltjes operator 1, is defined as follows

l,f(@)= ], 1(§a()d¢
Recently, many researchers considered the Riemann-Stieltjes operators and characterized their boundedness and com-
pactness between various spaces of analytic functions, as well as their n-dimensional extensions. For instance, Li and
Stevi¢ in [3] studied the boundedness and compactness of J ¢ and I, acting on Zygmund space, and the conditions for the

boundedness and compactness of the two operators from H> into the « -Bloch space and the little & -Bloch space were
given in [7]. Stevi€ in [12] investigated the boundedness of the integral operator of the form

T.f(2)= jol f(tz)(Rg)(tz)%

where g is analytic on the unit ball B in C" and Rg is the standard radial derivative, on & -Bloch spaces, and the

results also yield estimates on the operator norm of T, in terms of the growth of the radial derivative Rg . In[10], Liu and
Yu characterized the boundedness (resp. compactness) of the Riemann-Stieltjes operator

L f(@)=[ Rf (tz)g(tz)%

with sup (resp. lim) conditions on the symbol 9 from mixed norm spaces to Zygmund-type spaces on the unit ball. Some
more related results can be found (see, e.g., [4, 6, 9, 11, 19-24] and the references therein).

In this paper, we are devoted to investigating the boundedness and compactness of Jg and |g between different

Zygmund-type spaces.

Throughout this paper, we use the letter C to denote a positive constant whose value may change its value at each
occurrence. For two nonnegative quantities X and Y, the abbreviation X <Y or Y = X means that there is a posi-
tive constant C suchthat X <CY .

2. Preliminaries

In this section, we formulate some auxiliary results which will be used in the proof of the main results. First, we show
that every f eZ“ must belongto B*.

Lemma 2.1 Forany 0< a <, we have Z* < B®.
Proof. For every f eZ“, we have sup,.,(1-|z[)*|f"(z)|<o, where 0 < a <. It is sufficient to show that

sup,.,(1-|z[)*| f'(z) < 0. Let t<[0,1], by a usual calculation, we get
2\
JLa-12py 1@ = (1) - o)
Note that (1-|z [)* < (1~ |tz /), then

A-1zF) '@ < @Iz )| f '(0)|+L1(1—|t2 )| f"(tz)dt .
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Taking the supremum in above inequality over all 7 <), the conclusion follows.
The following lemma can be found in [1, Lemma 1.1].

Lemma2.2 Forevery >0 and f € Z% we have:

- ! 2 2
(iyfor O<a <1, |f (z)|sl_a||f||z,, and |f(z)|s1_a||f S
@for a1, |{@[<]f],log " ana |12 <[f]..
' 2 ||f “
(iii) for a>1, |f (Z)|SEW:
2
(iv)for l<a <2, | (Z)|<(a_1)(2_a)” ze
e
W) for o =2, |f(2)|<2|f|. |Ogm,
2 =

i) for &>2, |f(z)|< (@-D)(a-2) (= [z[)~

In order to investigate the compactness of J , I, :Z* — Z” ,where a,8>0, we need the following two lemmas. The

first one characterizes the compactness in terms of sequential convergence, whose proof is similar to that of [25, Proposi-
tion 3.11] and we omit the details.

Lemma 2.3 Let o, >0, T=J, or I;. Then T:z“ - Z” is compact if and only if T:Z* — Z” is bounded
and for any bounded sequence { f, }neN in 7% which converges to zero uniformly on compact subsetsof ) as N — o,
we have [T f |, >0 as n— .

The following lemma was essentially proved in [13, Lemma 2.5].

Lemma 2.4 Fix 0<a <2 and let {f,}  be abounded sequence in 7 which converges to zero uniformly on
compact subsets of [) as N—> oo Then lim _ sup,.|f,(z)]=0. Moreover, for 0<a <1, if {f,} . bea
bounded sequence in z* which converges to zero uniformly on compact subsets of D as N — 0 | then
lim,,, sup,., |f./(2)|=0.

neN

3. Main Results

In this section we characterize the boundedness and compactness of the Riemann-Stieltjes operators J, 1, :Z% — z’.

For the boundedness of J,:Z“ —Z”, we need to break the problem into five different cases:0<a <1, a=1,
l<a<2, a=2 and a>2.

Theorem3.1Let geH(D) and @, f>0.Then J :Z — Z” is bounded if and only if
(a) gez’ for O<a<1;
(b) geZ’ and

e
1-|zf

< 0

sup(l-1z[")”|g'(z)|log
zeD y (1)

for a=1,;

(c) geZ” and
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sup(l—|z [)" | g'(z) |k o

zeld y (2)
for l<a<?2;
14 e
(d) sup(l-|z )’ |9"(z) |[log—— < =0, 3)
zel l—l YA |
SUHI)J(l— 1ZF)™ | g'(z) <o (@)
for a=2;
© sup(l-|z F)Y*19"(2) |k o, ©)
sup(1-| 2 FY*g'(2) koo ©)
for a>2.

Proof. Suppose that J, : Z% — Z” isbounded. Take f,(z)=1eZ“, then

w(i-|z) |g"(2) sw(i-12 ()13, 1) () I< 9,1, <.

Thus g e Z” is necessary for all cases, and we also have that g € B/ by Lemma 2.1.

1
Forafixed we D such that 5 <|wl<1, consider the function

e (e

W W 1-|w [

2
e
where h(z) =(z —1){(1+ quﬁj +1} and z e ). By adirect calculation, we get

=]
2 e e 1
£’ (2)< lo lo <
2.(2) 1—|z|( 91—|le£ gl—lwrj iz

” fz,w”Z < % Moreover, we have

—<|w|<1

for %<|w|<1 and SUP;
2

e
1-[w[

fZ,W(W) = 0 ’ fZI,W(W) = Iog
By the boundedness of J,:Z — Z”, we have

>34 .,

>sup(l-1z )’ |f,,.(2)9"(2) + ,,(2)9'(2))

zed

, €
> sup (1-[w[)” | g'(w) [log—=—.
%<|w|<l 1_|W|

(1)
On the other hand, by using g € B”
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2 r 49 2 r
su]i)(l—|n- )| g'(w)|log IwE < log?su]_:ll(l—| wl)’ | g'(w)]
wits wes
=<sup(l-|w )’ [g'(w) | oo. ®8)
weD
From (7) and (8) it follows that (1) holds.
1
Now let ¢ >1.Forafixed wel) such that E<| W< 1, set
10 @A-|wp)y? 1-|wp
f(2)= | SV ZLWE )
’ W | (1-wz) (1-wz)
Then we have SuDl<|w\<1” faull,« < (see [1]), and
2
f.. (w)=0, f/ (W)—;
P waw )
which along with the boundedness of J,:Z“ — Z” implies that
o2 |3, £, w],, > supi-12 )’ |£,,(2)9"(2) + £5,()9'(2)
—a+. ’ 1
> sup (I-[w )" g'(w) | .
Z<wi<1 |W|
2
Thus,
sup (1~ w[*)? | g'(w) |< oo
1 : 9)
E<|w|<1
On the other hand, since g € B”,
2\f-a+l | ~t 4 “ 2\B '
sup (1-[w[)™ | g'(w) < 3 sup(I-|w[)" | g'(w) [< o, (10)
IWIS% \w\g%
By (9) and (10) we can see that (2), (4) and (6) hold.
For z,weD, let
e
f,(2)=lo
4,W( ) gl—WZ
Itis clear that f,,(z)€Z? and
e W
f,, W) =log—— f, (W)=——
4,w( ) g1—|W|2 4,W( ) 1—|W|2 .
By the boundedness of J, :Z* — Z”, we have
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ooZ”JQf

4:‘””3/*

>sup(L-|w)’[f,,(2)9"(2) + 1/, ()9 (2)
” e = ’
>sup(1-|w*)” | g"(w) | log———— —sup(l— |w )" | g'(w) || w].
wel) l_ |W| wel)

which along with (4) and the fact that |w|<1 we get that (3) holds.
For a > 2, take

)Py’

f5,w(z (1—VTIZ)a ,

where z,weD. Then sup,_, (1-|z[))*| f,"(2) |< 4a - 2a - (a +1), which says that f;,,(2) € Z“. Moreover, we have

aw

fsw (W) = —wh= |

1 '
= f, (W)=
iy, o

By the boundedness of J,:Z“ — Z”, we have

002||Jgf

5~W||z/*
>sup(L- WP’ |5, (2)9"(@) + 15, ()9 ()|

>sup(L-w[)"* | g"(w)| —sup(l-|w Y7 1g'w) law].

weld W

which along with (6) and the fact that |W |<1 we get that (5) holds.

Conversely, for the case 0 < o <1, suppose that g € Z#, which yields g e B” by Lemma 2.1. Forany f e 2%, by
Lemma 2.2 (i), we have

, 2
sup(1- |2 )’[(3, F)'(2)| <

l-«

|t

. (sup(l— Hik
zel

@) )<

g"(Z)|+SUDI§)(1— 1z[)

A
Furthermore, it is easy to see that |(Jg f )(0)| =0 and

‘(‘]g f)'(O)‘ = | f (0)g’(0)| < Z!I-g_—,(‘f:)l" f

7%

Thus we get”Jg f ”zﬁ <],

to get the conclusion similarly.

which implies that J, 1 Z% — Z” is bounded. For other cases, we can use Lemma 2.2

For the boundedness of 1,:Z“ — Z”  we need to break the problem into three different cases: 0 < <1, a =1 and
a > 1, whose proof is similar to that of Theorem 3.1 and the details are omitted.

Theorem3.2Let g€ H(D) and «, #>0.Then I : Z“ — Z” isbounded if and only if

(a) sup(1-|z ) 1g'(2) <o,

sup(l-|z )" [9(z) |k o0

zed

for O<a<1;
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(b) sup(l-1z )’ |g'(2)|log

e

<00

zed 1— | z |2 ,

for a=1;
(©
for aa>1.

Now we characterize the compactness of the Riemann-Stieltjes operators J,,1,:Z% — z’,

Theorem 3.3Let e H(D) and «, £ >0. Then J,1Z2% > Z’ is compact if and only if

(@)
(b)

for ¢ =1;
(c) gez’ and

for l<a<?2;

(d)

for ¢ =2;

(€

for a>2.

sup(-|z )" g(z) ko0

zed

sup(l-|z )" g'(2) ko0,

zeD

sup(l-[z )" g(z) koo,

zel

geZ’ for 0O<a<1;

geZ” and
e

H _ 2\f 2 —
=12 )’ 19/ 109 =0,

lim(i-12 )" 1g'@) -0,

lim(—|z P)* | 9"(2) | log—e— = 0
im-12FY’ |9°(2)l0g =0,

lim(1-|zY"*1g'@) -0,

lim(1-{z )" 19"(2) =0,

|z]-1

lim(1-|z )" |g'2) O,

(11)

(12)

(13)

(14)

(15)

(16)

Proof. Suppose that J,:Z% — Z” is compact, then it is immediate that J, 2% > Z” is bounded. By Theorem3.1,

we getthat g € Z#, which is necessary for all cases. Moreover, g € B” by using Lemma2.1. Let {z,},., beasequence

. . . 1
in I suchthat |Z,>1 as N —> oo, Without loss of generality, we may assume that |z, |>E'

For the case « =1, set

p,(2) ="

-1 -1
(z,2) e h( z, ) e

sl - . |
Tn [Ogl_lzn |2j 7n ogl_|zn |2
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Py[, <o by the proof of Theorem 3.1, and

2
where h(z):(z—l){(lﬂog%j +1} and zeD . Then sup,.

p, =0 uniformly on compact subsets of ) by a direct calculation. Applying Lemma 2.3 we conclude that

Ilmn_m”\]gpn

=0. Moreover, we have

77
(z)=0. p.(z,)=log—
pn n/ — ypn n/ gl_lznlz.
Then
" ’ e
[95p0,, =sup-12F)’|(3,p,)"(2)| = (@2, )’ ]9'(z,)|log ——
z zeD 1_|Zn|
It follows that
lim@=1z. B)* | 9'(z.) |log—— = lim(1—| z P)* | 9'(2) | log ——— = 0
lim@-1z, )" 19'(z,) | ST lim@-{z)"19'(2)] ST

that is, (11) holds.
Let ¢ >1 and consider the function

1] @17, F)? 1-|z,F
6,(2) = ( I_nll _ ke Ia_l
Z, (1_ an) (1_ an)
Then SUP, .y |qn 5« <, and g, =0 uniformly on compact subsets of D as N—oo. Lemma 2.3 shows that
lim, ., Hngn ,» = 0. Moreover, we have
(2)-0,4,(z,) -
z,)= =
qn n » In\"n fn(l_lzn |2)a—l
Hence
" ’ 1
9504, = sup@=12F)"|(3,0,)'(2)| > -1, F)'|g @l (17)
e n

Letting N — o in (17), we can get (12), (14) and (16).

For the case o =2, let
2 -1
e e
s,(z)=]1+| log—— log——
[ 1-7.2 1_|zn|2

It is easy to show that {S,},. is a bounded sequence in 72, and s, =0 uniformly on compact subsets of T) as

N — o0 . We now apply Lemma 2.3 again to obtain lim__,_ HJQSn ,» = 0. Moreover,

1
e e -
5,(z,) =log—— +| log—— | (7 )-_2%
- [ 1—|zn|2J "

n

Therefore,
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”Jgsn

20020050

Jl

-1
Since Iimlzﬁl(log ﬁ} =0, which along with (14), letting N — o0 in (18) yields (13).
1 4n

>(1-1z, F)" 9" (z,)| |09L|2+[|09

1-|z 1-|z

2
n n |

-21z,10-12,F)"*|9'(z,)].

For o > 2, take

(18)

_ 22
()= &1z )
(1_7nz)a
which is bounded in Z« and converges to zero uniformly on compact subsets of ) as N —> . Since J,:Z% — z’
is compact, we have lim ||Jgtn _» =0. Moreover,
1 oz
t(z)=——— t'(z)=—""—
n( n) (l_ | Zn |2)a—2 , ﬂ( n) (l— | Zn |2)a—1 .
Thus,
32t = sup@-12FY (3,8, (2)

> (-2, [)"?|g"(z,)| - | 2, | Q=] 2, F)™"

9'(z,).
Letting N — 20 in (19) and using (16), we can get (15).

(19)

Conversely, for the case 0 < o <1.Assume that g € Z”, which implies geB” and J,:Z“ — Z’ is bounded. Let

{h,}..y be abounded sequencein 7%, and h, — o uniformly on compact subsets of ) as N —> oo, Then

||Jgh

= |, (©)g'(0)|+sup(1-| 2 )" |(3,h, ) (2)|
<, 9’|+ sup(i-|2')'[g"(2)|+sup(1- 1) |g' @)} (2)

<[lgl.» %, @) +[g]. sup|h, )] + gl suplh ()]

n|lzs

We see that lim ||Jghn
n—

If o =1, supposethat g e Z” and (11) holds. Then for every &> 0, there exists & € (0,1) such that

(1—|Z |2)ﬁ|gr(2)|logm< .

Assume that {h.},. is a bounded sequence in Z such that Sup,_y

subsets of ) as N —> 0. LetK ={zeD:|z|< 5}, from Lemma 2(ii) and (20) it follows that

e
z

o= 0 by Lemma 2.4. Employing Lemma 2.3 we have J,:Z% — Z” is compact.

(20)

|hn||z <L, and h,—0 uniformly on compact
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HJ h

gn

7P

=, (©)g'(0)|+sup(1-| 2 )" |(3,h,) ()|
<|n. (©)9'(0)] +sup(1- |2 ') |g" ()|, 2)

+sup(i-12 Y |9’ @R (@) + sup (-1 2 )’ |g'@)| |, (2)], log — —
2eK 2eD\K 1-|z|

<[lgl..» In, ©) +]g].. suplh. (2)| +] gl ;- suplti (2)| + Le.

hn(Z)|=0, and Cauchy's estimation gives that h; — O uniformly on
zF =0.

Employing Lemma 2.3 the implication follows. For other cases, we can use Lemma 2.2 and Lemma 2.3 to show that
Jg1Z% > Z7 is compact similarly.

Applying Lemma 2.4 we have lim __sup,,

compact subsets of ) as N —> %, which along with the arbitrariness of & it follows that lim HJghn

Remark 3.4 From Theorem 3.1 and Theorem 3.3, we see that the boundedness and compactness of J g 2> 7" are
equivalentwhen O<a <1.

For 1,:Z% —Z” we need to break the problem into three different cases: 0<a <1, e =1 and « >1, whose
proof is similar to that of Theorem 3.3 and we omit the details.

Theorem 3.5Let g€ H(D) and &, B >0.Then ,:Z2% > Z7 s compact if and only if
@) lim@-|z )’ |9'(z) |- 0,
|z]->1

lim(1-| )" |9(2) -0

for O<a<1;
© lm@-|2F)'19'@)llog =0,
lim(i- |2 )" |g(2) =0
for ¢ =1; |
© lim(1-|2 )" g'2) |-,
lim(@-12F)Y* |g(2) -0
for a>1. |
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