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1. Introduction

Abstract

Numerous polynomial variations and their extensions have been explored exten-
sively and found applications in a variety of research fields. In 2019, T. Kim and
D. Kim defined the type 2 Daehee polynomials by the generating function of the
type 2 Bernoulli polynomials and express the central factorial numbers of the
second kind in terms of type 2 Bernoulli and type 2 Dachee numbers of negative
integral orders. In this paper, we define the generating function of the high-order
degenerate type 2 Dachee polynomials, then we study the high-order degenerate
type 2 Daehee numbers and polynomials by using the method of generating func-
tion and Riordon array. First, applying generating functions methods, we obtain
some character involving the high-order degenerate type 2 Dachee polynomials.
In addition, we establish some new equations and relations involving two classes
of generalized Stirling numbers, generalized Lah numbers, high-order type 2
Bernoulli polynomials, the central factorial numbers of the second kind, genera-
lized Harmonic numbers and so on.

Keywords

High-order degenerate type 2 Dachee numbers and polynomials, Generalized stirl-
ing numbers, Generalized Lah numbers, High-order type 2 Bernoulli polynomials,
Generalized harmonic numbers, The bell numbers

In recent years, many mathematicians have studied various degenerate versions of Daehee polynomials and numbers,
obtaining many arithmetic and combinatorial results [1-4]. In reference [5], Tackyun Kim firstly defined type 2 Daehee
polynomials and numbers and derived a series of identities about type 2 Dachee polynomials and numbers. The
high-order type 2 Daehee polynomials which are defined by the generating function as follows [5]:

(LG W idi”(x)%. (1

(1+)-(A+1) o

when x=0,d”(0)=d"" is called high-order type 2 Dachee numbers.

Motivated by the works of Kim [6], we define the high-order degenerate type 2 Daehee polynomials.
Definition 1.1 Let » be a non-negative integer, A be a real number, >0 is an integer. The high-order degene-
rate type 2 Dachee polynomials are given by means of the following generating function:

( In(1+In(1+2£)%)

— ) (I+In(1+A)*)" = id;g (x);—n' . )

(l+1n(1+lt)7)_(1+1n(1+/1t)2 ) =0
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when x=0,d)(0)=d) is called high-order degenerate type 2 Dachee numbers.

The generating functlons of the relevant special combinatorial sequences involved in this paper are as follows [1-16]:

The Stirling numbers of the first kind and the second kind are defined by
" In*(1+¢)

9k = 5
;S(n )n! k!
tn (et_l)/t
Sty =2
,,Z;: k!

The generalized Stirling numbers of the first kind and the second kind are defined by

N L (In(1+10))*
g;s(n,k,h);—(lﬂ) —a

(e =1
;S(nkh)—— h—k! .

The degenerate Stirling numbers of the first kind and the second kind are defined by

: Gl =1

;Su(” k) — —k! ,
" (14 AD)F =1
HZ;SM( k)—_T

The generalized Lah numbers are defined by the generating function
< t" 1, -t
L(n,k;h)— = (1+1) —(—)* .
2okl =06

For integer n,h >1, the combinatorial numbers are defined by

( jP(h na ke = ENA=0)"
~ )k+1 :

a-

The generalized Harmonic numbers are given by the generating function

< . (“In(l-2)"
EH’t e

The higher-order type 2 Bernoulli polynomials are given by the generating function

Zb(r)(x)_:( t t _,)yeXt~
n=0 e —e

The second class of Bernoulli polynomials is given by the generating function

o n

> B,(1) =

=0 n!  In(1+¢)

(1+1)".
The central factorial numbers of the second kind are defined by
© " 1 L _L
Tnk)—=—(e? —e 2)".
’; (n,k) oy k!( )
The Bell numbers of the first kind and the second kind are defined by

0 n 1

t___ e’—l_ k
;B(H,k)n!—k!(e D,

3)

“

(&)

(6)

O]

®

)

(10)

an

(12)

(13)

(14

s)
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S Ak = L (n+ i+ o) (16)
n=k n! k!
Lemma 1 If D=(g(¢),f(t)=(d,;),cn 1s @ Riordan matrix, let A(?) = tht" is the generating function of the
k>0
sequence (%, ),.y - Then we have [15]
2 d, by, =["1g(Oh(f (1)) - (17)
k=0
Lemma 2 Let f,g be functions defined on the set of positive integers, then we have the following inversion formula
[16]
fo=2s(nk)g, < g, =2 Sk f, (18)
k=0 k=0
fo=2s(nkhg, < g, =3 Skh)f, . 19)
k=0 k=0

2. Properties about High-Order Degenerate Type 2 Daechee Numbers and Polynomials

This section derives some properties of high-order degenerate type 2 Daehee numbers and polynomials using the ge-
nerating function and the method of taking coefficients.

Theorem 2.1 For non-negative integer n, integer r; = 0, m = 1, the high-order degenerate type 2 Daehee polynomi-
al has the following properties

n
(4 try — (i)
a5 (k)= Y G2 (o) dy™) (x,,) . (20)

ny+ny+en, =n n,ny,--,n,

Proof By [2], we obtain

0 n

N t
Zdﬁr];rﬁ +rm)(x1+x2+...+xm)_
n=0 n'

W de,?l ,---Zdﬁ:;u( )—

n=0

_N n M) ()4 d0) (x,) =
Z z . (%) nz,/l(xz) z(x )
n,ny, -,n,

n=0 ny+ny+---n,, =n

Comparing the coefficients of % In both sides of the last equation, we get the identity.

Corollary 2.1 For x, =x, =---=x, =0 in [20], we obtain
n
(it +etny) ) () )
dn,lﬂ. : - Z nl,idnzz,l . .dnm,/i . (21)
np+ny +een, =n ny,Hy, e, N,

Let r; =1, i € [m] in[21], we obtain

n
d)(z,l) = Z [ n ]dn] ,ldnz A T dn,,, A (22)

my4ny+eeemyy=n \ s Ty 5"

Corollary 2.2 Form = 2 in [20], we obtain

nH+r : n 1 ;
dn(]/l 2)(xl +x2):Z(ljd(l)(xl)d(z)a(%) (23)
1=0
Let x, = 0 in [23], we obtain
+7; o[ 7 7
4yl () = Z[ ljd,i 2 (x) 24)
1=0
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Let x; = x, = 0 in [23], we obtain

1=0

dr(:l;rﬂ — Z[ljdn(rzl)ld(m (25)

Let 1 =0, r, =1 in[23], we obtain

dfl’,{ (X, +x,)= anzl:[ }1 " (X)), 8, m)d(’u(xz). (26)
1=0 m=0
Let r =1 in [26], we obtain
n, d,,(x +x,)= Zn: i( JAI " (x) s(l,m)dnfu (x,). (27)

Let x, = 0 in [27], we obtain

d, (%)= szx ), slmyd,, . 28)

0
Theorem 2.2 For integer n > 1, we obtain
d) (x+1)=d) (x) =D kA" Fs(n,k)d") (x) . (29)
k=1

Proof By [2], we obtain

i(d“)(xﬂ) d) (x))—
~( ln(1+lln(1+ll))") — ) (1+In(1+ A)*)" - In(1+ Ae)*

(I+In(1+A6)? )-(1+ In(1+ A6) )

=D kadl )M

8

=Y kA "dé’l(x)Z A"s(n, k)

= n=k

Il
M

A" 5(n, k)d ) (x)%.

1 k=1

3
I

Comparing the coefficients of ;—7: In both sides of the last equation, we get the identity.
Corollary 2.3 For r =1 in [29], we obtain

d, (x+1)=d, ,(x)=> kA" s(n,k)d,_,(x) . (30)
k=1
Corollary 2.4 For x = 0 in [30], we obtain

d,,)-d,, = Zk/l"’ks(n,k)dk_l. (€28
k=1

Theorem 2.3 For integer n > 1, we obtain

0d,) (x) _ &

kA" s(m, k)s(n,m)b" (x) . (32)

ox m=1k=1

Proof By [2], we obtain
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1
& 0d, () 1" ( In(1+In(1+ A£)7 )
- 1

n=0 0ox

Y (1 +In(1+ A)* ) - In(1+ In(1+ A1) *)

(I+In(1+A6)* )-(I+In(1+ A1)+ )

+n(1+A0)* ; 1
:( In(1+In(1+ A1)*) 1 )rexln(1+1n(1+/1z) )~1n(l+ln(l+/1t)l)

eln(1+1n(1+/u)7) _e-ln(1+1n(1+1t)7)

1

:i‘; 0 (x) 111(1*1“([1!*/“)1)? n(I+In(1+46)7)
& o (i In(+ A1)

_;kb; " (x) X

j O W it

8

= Zkb,ﬁ’)l (x)z A"s(m, k)z A"s(n, m)—
=

= m=k

0

= Z ZZ/{I’ "s(m,k)s(n, m)b,gr)1 (x)—

n=l m=1k=1

Comparing the coefficients of % In both sides of the last equation, we get the identity.

3. Identities about High-Order Degenerate Type 2 Dachee Numbers and Polynomials

In this section, by means of the Riordan matrix and generating functions, we derive some new equalities between
High-order Degenerate Type 2 Daehee Polynomials and generalized Striling numbers, generalized Lah numbers, high-
er-order type 2 Bernoulli polynomials, Bell numbers and so on.

Theorem 3.1 For non-negative integer n, we obtain

Z":(J( ) (hy, ), (x) = 2/1" “s(n,k; )" (x). (33)
1=0 k=0
Proof By [17] and [5], we obtain

sn( ;v’ “s(m, k) = ((1+ A0) ™", M

)- (34)

n'z—ﬂ," “s(n, k; h)—d“)( )

o n!
o iren i In(1+y) . < |, - (In(d+ A7)
=)0+ 20 (P ) ey == ]
= [ 11+ 20y ( @A) Y4 i1+ 40y

(I In(1+ A6)7 )-(1+ In(1+ A6)* )

=n![r"1i(—ﬂ>"<h>n%idﬁﬁm%

- ZZU AW

n=01=0

: i(’l’j(—ﬂ)’ )y ().
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which completes the proof.
Corollary 3.1 For x =0 in [33], we obtain

n

i(n)(—z)%m,d;f}ﬁ =2 A s(n k)"

=\ k=0

Corollary 3.2 When h = 0 in [33], we obtain
dfl’/)l (x)= z l"’ks(n, k)d,E” (x).
k=0

Theorem 3.2 For non-negative integer n, we obtain

)

1=0

Proof By [17] and [6], we obtain
! t_
R 2 (0, k) = (€ £,
n! A

okl 1
| . (r)
" .ZO Sk ) d ) ()
1

In(1+In(1+1y)*)
1

) (1+In(1+ Ay)*)*

=n![t"1e"[(

1
(I+In(1+ A p)* )-(1+In(1+ 1) * )
t
In(1+—)
:n![tn]eht(t—ﬂ,t)r(l_'_%)x
1+ ) -1+
( /1) ( /1)
© tn © tn
=nl[" 1Y A" —=>d" ()" —
n![ ]nz:;) n!,;) . (X) p

- n![t"]ii['}}ﬂlh’”d}”(x)%

n=01=0

: Z('}}‘fh""df” )
1=0

which completes the proof.
Corollary 3.3 By means of Lemma 2, the inverse relation [19], we obtain

n k (k
d)(x) =Y Z( jﬂfh“s(n,k; hyd” (x).
' izomo\ !
Corollary 3.4 Forx = 0 in [37], we obtain
2("}1-%"-%1;” = A4S (n, ki yd?).
1=0 l k=0 '
Corollary 3.5 When h = 0 in [37], we obtain
d\”(x)=> 2" S(n,k)d") (x).
k=0
Theorem 3.3 For non-negative integer n, we obtain

4= ﬁb}” (A" E sk, D)s(n k).

k=01=0

n n <
Z( }_’hn—’dﬁ” () =2, A7 S(n ks )y, (x) -
k=0

e -1
Y=

]

(3%

(36)

(37

(3%)

(39

(40)

(41)

(42)
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Proof By [2] and [12], we obtain
1

Z d(r) (X)— — ( 11’1(1"‘1111(1"‘/11‘)’1) 1 )r (1 + ln(l + /U)I)x
n!

(I+In(1+A0)% )-(I+ In(1+ ) )

1
— 1
_ In(1+In(1+A48)*) r xdn(l+n(1+40) %)
= T —)'e
nHIn(20%) e—ln(l+ln(1+it)l)

2 [In(1+ 1n(l+ /lt)’1 )

z (r)( )

1

S (X)Z " l)[ln(l-i-/lty

=0

= Zb<’>(x)2s(k N~ kZS(n kw

8

n

8

8

-3 Zk:b(’)(x)/l”’ks(k,l)s(n,k)—
=07=0

n=0k

Comparing the coefficients of _| in both sides of the equation, we get the identity.
Corollary 3.6 For x = 0 in [42], we obtain
") = ZZbW” Ks(n,k)s(k,1). (43)
k=01=0

Theorem 3.4 For non-negative integer n, we obtain

b (x) = ZZ&" 'S(k,D)S(n, k)d(’)(x). (44)
k=01=0
l(e —1) 1. .
Proof Replacing ¢ by ———— in [2], we obtain
ei(e’—l) - ;
() ( A ) J : %!
YW —A e =§b (x)
On the other hand
/1(0’—1) -1,
(7) 0 ) 0 (et _l)k
Zd“m— = 2 DAY S DA =
1=0 k=1

= id,{;) (x)l”iS(k,l)/lk i S(n,k)i

= Z Z Z/lk 'S(k,))S(n,k)d,") (x)—

n=0k=01=0

Comparing the coefficients of tn—nl in both sides of the equation, we get the identity.
Corollary 3.7 For x = 0 in [44], we obtain
n_k
B =" A'S(k,1)S(n, k)d,"). (45)
k=01=0

Corollary 3.8 By means of Lemma 2, the inverse relation [18], we obtain

DOI: 10.26855/jamc.2023.06.002 217 Journal of Applied Mathematics and Computation



Pengfei Zhang, Wuyungaowa

S s(m k)b (x) = 2/1” 'S(n,1)d}7} (x).

k=0

Theorem 3.5 For non-negative integer n, we obtain

D s (k) (x) = di” (x)s(n, k).
k=0 k=0

25 (mk)d (x) = Y f(n kb (x).
k=0 k=0
Proof By [17] and [7], we obtain

( 51/1(” k)) = (1—[(1+l) —1D.

(”
n! Z—SM( D™ (x)
:n![tn][( 1n(1+11n(1+ly)’1) 1 )"(1+ln(1+/1y)z x

(+In(1+ A y)*)-(1+1In(1+ Ay)* )
B p In(1+In(1+2)) p
=nlls ]((l+1n(1+t))-(1+1n(1+t))'1) S

=nl[t" ]de( )M

k=0

Z z d” (x)s(n, k)

n=0k=0

= z d" (x)s(n,k).

+In(1+¢))"

Equation [47] complete the proof.
Observe the above proof process, we obtain

& " In(1+In(1+¢))
,,ZO,;)S”(" KNy s ! ((1+1n(1+t))-(1+1n(1+t))'1

By [17] and [16], we obtain

m(g Bn,k)) = (1, In(1+In(1+1))).

3 gk bm(x)

k=0 I’l
=n ![t"][(%)’e"y | y = In(i+In(1+1))]
e —e

il ( In(1+In(1+7))
U I+ In(1+0))-(1+In(1+£)) !

e TY Y s, k)d(”(x)—

n=0k=0
= Zsm (n,k)d,ffi (x).
k=0

Equation [48] complete the proof.
Corollary 3.9 By means of Lemma 2, the inverse relation [18], we obtain

) (1+In(1 +£))*

y:%[am* ~1]]

) (1+In(1+2))".

(46)

(47)

(43)

(49)

(50)
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40 ()= 3 5, (LS (L) (x). 51)

1=0 k=0
Theorem 3.6 For non — negative integer n, we obtain
n 1
B (x) =% B(n,)s, ,(I,k)d}") (x). (52)
1=0 k=0
Proof The proof procedure from Theorem 3.5, we obtain

0

In(I+In(1+2))

n tﬂ
,k)d") (x)— = "(1+In(1+1))".
22 0= G gy ™) (140
By [17] and [15], we obtain
| /
SJ%(k—;B(n,k) =(1e " =1). (53)
n!
<y 1{ )
n!Z—B(n,l)—ZSM(Z,k)dk,l(x)
—on! =
[ (2D ey = e 1]
(I+In(1+y))-(1+1In(1+y))
=nl[t"](= ! —) e"
e —e
=TS ()
n=0 n!
=5, (x),
which completes the proof.
Theorem 3.7 Fornon —negative integer n, we obtain
S A, (nk)d) (1) = d (1) A" s(n. k). (54)
k=0 k=0
Proof By [17] and [8], we obtain
1
k!, 1+ A)* -1
w s, iy =0, A (55)
n! A
o 1 1
n_ I d\ A 1 A
W3S, by D e [ (—ERERY) iy |y = A
k=0 1 !

(+In(1+ )% )-(I+In(1+ A1) * )

In(1+ % In(14+A£))

=n!["]( ) a+ Lzln(l + A1)

1 4
(b5 In(1+20) = (14— In1+ 1)

0

= l["]Y d (1) A [In(+ A0}

=0 k!
— TS dO (OIS s(n ko)A
k=0 ek n!

=[] YA (A s(m k) = 3 () A" s(n, ),
k=0

=0 k=0 n! i

which completes the proof.
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Corollary 3.10 By means of Lemma 2, the inverse relation [18], we obtain

d" (x)= 22/12"”5 ALK)S(n, D) (x). (56)

1=0 k=0

Theorem 3.8 For non — negative integer n, we obtain

B,(x)+ B,(x-1)= > 2" (1)S(n, k). (57)
k=0

L in [2], we obtain

At
Proof Let us take = —1 and t replaced by =

” —)" _ -1
Zd,ﬁ’;)(x) ,1' _(1+n-(1+1)

&, nl In(l+o)

1+0)"

A+ "1+ (1+1)]

“In (1+t)

- _(1 +1) 7+
In(1+¢) In(1+¢)

= ZB(x 1)—+ ZB(x)—
n=0 -

1+n*

0

Z B(x)+B(x—1));.

On the other hand

(elt_l)n
S (- A _< 1 k(@ )
2, ) — = LA AT
_Zd,f (A kZS(n k)/i” i

n=k

= ZZ@” a7 (x)S(n, k)—

n=0k=0

n
Comparing the coefficients of ;—| in both sides of the equation, we get the identity.
Theorem 3.9 For non-negative integer n, we obtain

+h)& &
2" T(n+k, k)= [" L J Zd}jm’"*ls(m,l)S(n,m). (58)

m=01=0

t
Ale2-1

Proof Let us take r = —k in [2], by [2] with x = 0 and t replaced by el—_l, we obtain

i(ez -1) 1
Zd( k) ( )k(ez E)k _zt_kl( 2 _ W)

2k

n

(n+k)!

ir( k)—:z"k'ZT(er 5
=S T(n+k, D a

n=0 k ;
k
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On the other hand

ez(eil) -1, .
S T A R RIS S
YdiP—L——=3"d P S(m, A" ——
1=0 ! =0 =l m!
dy oA IZS(m l)ﬂ'"ZS(n m)2™"

m=[ n=m

n

Zd,(;k)/l'"’lS(m,l)S(n,m)t—.
= n!

i Ms IMs

1
02" w20
Comparing the coefficients of ;—, in both sides of the equation, we get the identity.
Theorem 3.10 For non-negative integer n, we obtain

zm(nkh)d,g';<x) ZZU (=) (h),_ s(L,m)d ) (x).

1=0 m=0

Proof By [17] and [9], we obtain

k! —k h
ER(;/I L(n,k;h))=((1+1) ).

“A(+1)

mz_z “Link:h) ;’;(x)

imon!

1

= "1 +0)"[( 1‘1(”11“(”” )y (14 In(l4 A) )

(+In(1+Ap)* )-(1+In(1+ A y)* )

=0 (—ERED Dy ey oy

(+In(1+£) #)-(1+In(1+7) #)*
(In(1+12))"
m!

]

T (41

=l Y0 S (D

=nl[t" ]Z(h),, ZZ( A)"s(n, M)dﬁf)(X)

nOmO

=nl[t" ]ZZ Z[ j =" (b, s(,m)d,) (X)%

n=0 /=0 m=0

n 1

- ZU (2", m)ds (),

which completes the proof.
Corollary 3.11 For h = 0 in [59], we obtain

2/1 FL(n, k)d(’) (x)= z (=A)"s(n,m)d'" (x).

k=0 m=0
Theorem 3.11 For non-negative integer n, we obtain
k=0 k=0 m=0 h=0

Proof By [17] and [10], we obtain

EW:EZJA"P(}; n,k)d") (x) = Z f i(—l)“"’h!ﬂ*m [ Js(k m)d'", (x).

(59

(60)

(61)

(62)
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(-In(1-0))" ¢
-t " A0-1)

ER((ZJ A P(hyn, k) = ( ). (63)

o (n), di’i (x)
k
Z(k}i P(h,n,k)

k=0

1

(—In(1-1))" [( In(I+1n(1+ Ay)*)

1= (+In(1+Ap)* )-(A+In(1+ A p)* )

]

) (1+1n(1+,1y)1 0D

=[r"]

1

(+1In(1-1) #)-(1+In(1-7) # )

(—ln(l—t))h G —n (In(1 =)
= Z d,’ (x)(=2) —

( ) de (A" mh'( JZ( 1)"s(n, m)—

=["]~

=[1"]

~ [ ]it” 3 i S ) A [’Z ]sm,m)di:.’h o

n=0 n=0 m=0 h=0
k

o n

ST 33D I N IV { Js(k m)d, (x)%t”

n=0 k=0 m=0 h=0
n k m
=ZZZ(—1)k_mh!/1h_m( Js(k m)d (x)_
k=0 m=0 h=0

which completes the proof.
Theorem 3.12 For non-negative integer n, we obtain

S A (=) H, d (x) = 3 dY,, (x). (64)
k=0 k=0

Proof By [17] and [11], we obtain

e 1 In(l+At
W2 H, ) = (o (i )

). (65)

I ik d”(x) .01 In(1+y) , o In(+2p)
2RI H, _[t]1+/1t[((1+y)—(1+y)'1)(1+y)ly_—ﬂ ]

] 1 ( In(I+In(1+A6)%)

1+ At 1 T
(+In(1+ AH)*)-(I+In(1+ 1) *)

=[r" ]Z( A Zd‘”(x)— 2( ¢ D)
P Y (=)

) (1+1In(1+ A6)*)*

>

which completes the proof.
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