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Abstract

This note primarily focuses on the expansion of the powers of arctan(x) series, ex-
ploring variable transformations, differentiation, integration, and subsequent eval-
uations for such series. Firstly, by substituting specific values for the variable x in
the series with powers of arctan(x) and its derivative, some Euler sum identities
involving harmonic numbers can be derived. Secondly, an alternative series repre-
sentation for the powers of arctan(x) was identified, revealing a connection between
these two forms of representation. Additionally, ongoing calculations were per-
formed for the integration of powers of arctan(x), and Taylor series expansions of
such integrals were carried out. This process led to the derivation of additional Euler
sum identities containing harmonic numbers. Moreover, we observed that these de-

rived Euler sum identities are closely linked to certain special constants, such as
being expressible in terms of 7z , Catalan constant, and others. Some theorems and
corollarys are provided, along with examples where specific values are assigned to
the variables.
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1. Introduction

Euler sums [1] have been the subject of scholarly investigation since their discovery, as researchers have consistently
sought methods to compute these infinite series or represent them using special constants. In recent studies [2-4], various
authors have derived numerous identities for a class of Euler-like sums, which consist of partial sums involving harmonic
numbers. These identities were obtained through the computation of integrals involving inverse trigonometric and hyper-
bolic functions. Furthermore, in another study [5], the authors have obtained a multitude of Euler-like sums by employing
the expansion of (arcsin(x))” and computing integrals involving (arcsin(x))? . In contrast, in studies such as [6-9], the
authors have calculated integrals utilizing known Euler sums.

On this note, our objective is to obtain new Euler sums. By substituting values into the expansions of (arctan x)” and
calculating the derivatives of these expansions, then taking special values to the parameters, a set of Euler sum identities
will be derived. Subsequently, we will employ different methods to expand the powers of (arctan(x)/x)” and compare

these two classes of expansions to reveal their interrelation. Finally, through the evaluation of integrals involving
arctan(x) , new Euler sum identities will be obtained.

The following notation and results will be useful in the subsequent sections of this paper. Harmonic and odd harmonic
series are defined by

B n 1

Hn = zl’hn = H2n _lHn - .
k:lk 2 k=1 2k—1
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The Riemann zeta function is

0

(=3

The constant G is Catalan constant [10], defined by

& (-1
Z()

s 2k +1)°
2. Main results
2.1 Euler-like sums via arctan(x)

By the expansion in [2], then

(arctan(x))? = iM (1)
n=l1 n
(arctan(x))’ = 32 (211)”1' g%x“ o )

Setting x = 1,\/§,\/§/3 in (1) leads to

Z( 1)n+lh 72_2 i( 1)n+1h 3n 7[2 i(_l)nﬂhn B 72_2
p “16°& n 9’4 3"y 36°
whereas
i( 1)n+1hn 2
n=l1 n 16 ’
is already a well-known result.
Differentiating (1) at x = 1,\/§ shows that
0 0 \/571'
_1 n+1h _z 1n+13nh =
;( ) = g ) "=

Setting x = 1,\/3, \/5/3 in (2) gives

Differentiating (2) at x =1, \/g , then
© J
1/+1 7[ 1j+l i_3j:7z .
P R e

2.2 Sum involving Milgram’s constants via arctan(x)

From [11], since

arctan x F(p+l) (=x)'t,(p-1)
( x j nz(:) n+p/2 p el

where the Milgram constant ¢, (n) is defined in [11] as
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(r-n= 3 § 1L .y Ly !
t,(p—1)= — ,
kp- l—ok +p2 lkp Okp72 +pTZ k2=0k2 +1/\'1:0k1 +%

P
arctan(x . .
for (—()) , consider some special cases of the parameter p , then

X
[arctanxj i t . 3)
X =0
arctan x (
( X j ,,Z(:, + 3/ 2" @

2.3 The relationship between Euler sums and sums involving Milgram's Constants

Comparing the expansions of the previous two types of (arctan(x))” (p € N) leads to the following corollary.

Corollary 1. For ne(1,»), j € (1,), then

hn =ltn71(1)5

Soh 1
—=—t _(2).

Z k 2 nfl( )

k=1

Proof. By the Taylor expansion in [2]
(arctan(x)) Z( 1)”” h x> [arctan(x)j - &h o, 2,
, = 32 2—’x

X 2]+ i=1 1

n=l1

on the other hand, changing the counter 7 in both equations (3) and (4) leads to

(arctan(x)j2 :li(—xz)"ltn_l(l)’(arctan(x)j Z( x7)" 't o 1(2).

X n X 4 n+1/2

2
arctan(x_)j yields 4 :%tn—l(l)’ using the same method yields

n

Comparing the two different expansions of [
X

L h
> —£=—1,,(2), and Corollary 1 is proved.
k2

2.4 Evaluating Euler Sums through Integration

In this section, we first provide the results of a certain type of integration, then proceed to calculate the integral using a
series expansion, and finally obtain an identity involving Euler sums.
Theorem 2. For k e N, then

2 (_1)'/“3}’ U ok 3 7’
> j x> (arctan(x))’ dx = ———
S0 D)2+ 2k+2) 642k +1)
) T+H, .. —-H, . .,
3 k (_1)_}+1 i T k- . J=J J=J
_ + 1/+ x 2 2 5
2k+1/§4(k+1— 75 Y Z::( ) 2%—2j-2)'+3 ©)

('3 o
FTeTan) (16Gr —7* In4-21£(3)),
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Jj J+ 3
D7 3 .[ 241 arctan(x))’ dx = il __3
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k+1 _1\Jt! ) R b L2 Y
XZ ( 1) x ﬂ-__ (_1)k+]—j 2G + ( 1) 7ln2 (6)
=202k +3-2j) | 8 2
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Proof. On the one hand,

3
1, 3 4 3 1 x 2
x“(arctan(x))’ dx = - (arctan(x))” dx,
Jyx* @retant) 64(a+1) a+1'[°1+x2\ ()

a+l

a+l

By partial fractions, L: lx 2(alrctan(x))za’x becomes
+x

2k+1

(arctan(x))’ s 1 2k+1-2 2 1 (=1)* x(arctan(x))
— ) ——dx= -1)’"'x /(arctan(x))” dx + dx,
s DA (arctan(x))”d + J ~——~—=
2k+ k+1
(arctan(x)) ES 1 2k+2-2 2 1(=1) (arctan(x))
= -1)/"x / (arctan(x))“ dx +
T, J%( ) (arctan(x))*dx + [ o
Where LI x“(arctan(x))*dx can be evaluated
T+ H o —H .
> 2k-2,-1 2k=2,+1 Nk
[ ' (arctan(x))’ dx = ———— LA 4 i (o ED N2
0 22k+1)| 8 & 2k—-2j+2 2
T+H, - .
2 k+1 k=) k—j+1 20 1yk+l
J‘ ! (arctan(x))? dx = __Z( 1)+ 2 2 T (=1 )
4(k | 8 ‘I 2k-2j+3 8
One has
3
J-lx(arctan(x)) (1 6Gr— 7’ In4—21(3)), J- arctan(x)) o
1+ x? “192

From these, the second equation in (5) and the second equation in (6) can be obtained
On the other hand, using the Taylor expansion

DS
arctan(x))’ =3 X
retan(y =33 03
one has

j o j _1 J+l1 )
flx” (arctan(x))’ dx = J 32( l) b —Lyra g = (=D’ 3 ,
0 =i ATi2j+D2j+a+2)

and Theorem 2 is proved.

Example 3. Let k=2 in [ x* (arctan(x)’’dx and [ x**(arctan(x))’dx then
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n+l
Z( D7 L 64— 48G +37(8+ 7 +1n16)).
in(2n+5) 240
» (_1)n+1 hn 1

L o (-52-527+157% +1841n2).
Zn2n+6) 720

Example 4. Let k=1,2 in (5) and (6), then

=& (=)M3h ~
ZIZIW = @(48(1 +G)r+7° —96In2— 67 (2+1n2)—63£(3)),

= (1)'3h,

—:—( 832G + (4 + 7 +1n(256))),
STi2j+D2j+5) 32
iiu——( 16+1601In2 + 7(—64 —48G + 7 (12 + 7 + In(64))) + 634 (3)),
aoi2j+D2j+6) 320
(=1)"'3n,
Toi2j+DE2j+T) 960

.

L (28847366267 +57° —87(16+ 23In2).

3. Conclusion

This note is based on the expansion of the (arctan(x))”(p € N) series, a set of series identities involving harmonic

numbers can be obtained. It is noteworthy that these identities can be expressed using constants such as
7,In2,{(2n+1),n € N, Catalan's constant G and others.
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