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  Abstract 
This note primarily focuses on the expansion of the powers of arctan(x) series, ex-
ploring variable transformations, differentiation, integration, and subsequent eval-
uations for such series. Firstly, by substituting specific values for the variable x in 
the series with powers of arctan(x) and its derivative, some Euler sum identities 
involving harmonic numbers can be derived. Secondly, an alternative series repre-
sentation for the powers of arctan(x) was identified, revealing a connection between 
these two forms of representation. Additionally, ongoing calculations were per-
formed for the integration of powers of arctan(x), and Taylor series expansions of 
such integrals were carried out. This process led to the derivation of additional Euler 
sum identities containing harmonic numbers. Moreover, we observed that these de-
rived Euler sum identities are closely linked to certain special constants, such as 
being expressible in terms of π , Catalan constant, and others. Some theorems and 
corollarys are provided, along with examples where specific values are assigned to 
the variables. 
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1. Introduction 

Euler sums [1] have been the subject of scholarly investigation since their discovery, as researchers have consistently 
sought methods to compute these infinite series or represent them using special constants. In recent studies [2-4], various 
authors have derived numerous identities for a class of Euler-like sums, which consist of partial sums involving harmonic 
numbers. These identities were obtained through the computation of integrals involving inverse trigonometric and hyper-
bolic functions. Furthermore, in another study [5], the authors have obtained a multitude of Euler-like sums by employing 
the expansion of (arcsin( )) px and computing integrals involving (arcsin( )) px . In contrast, in studies such as [6-9], the 
authors have calculated integrals utilizing known Euler sums. 

On this note, our objective is to obtain new Euler sums. By substituting values into the expansions of (arctan ) px and 
calculating the derivatives of these expansions, then taking special values to the parameters, a set of Euler sum identities 
will be derived. Subsequently, we will employ different methods to expand the powers of (arctan( ) ) px x and compare 
these two classes of expansions to reveal their interrelation. Finally, through the evaluation of integrals involving 
arctan( )x , new Euler sum identities will be obtained. 

The following notation and results will be useful in the subsequent sections of this paper. Harmonic and odd harmonic 
series are defined by 
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The Riemann zeta function is 
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The constant G is Catalan constant [10], defined by 
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2. Main results 

2.1 Euler-like sums via arctan( )x  

By the expansion in [2], then 
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Setting 1, 3, 3 3x =  in (1) leads to 
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is already a well-known result. 
Differentiating (1) at 1, 3x =  shows that 
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Setting 1, 3, 3 3x =  in (2) gives 
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Differentiating (2) at 1, 3x = , then 
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2.2 Sum involving Milgram’s constants via arctan( )x  

From [11], since 
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where the Milgram constant ( )kt n  is defined in [11] as 
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, consider some special cases of the parameter p , then 
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2.3 The relationship between Euler sums and sums involving Milgram's Constants 

Comparing the expansions of the previous two types of )(arctan( )) (p px ∈  leads to the following corollary. 
Corollary 1. For (1, ), (1, ),n j∈ ∞ ∈ ∞  then 
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Proof. By the Taylor expansion in [2] 
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on the other hand, changing the counter n  in both equations (3) and (4) leads to 
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Comparing the two different expansions of 
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2.4 Evaluating Euler Sums through Integration 

In this section, we first provide the results of a certain type of integration, then proceed to calculate the integral using a 
series expansion, and finally obtain an identity involving Euler sums. 

Theorem 2. For k ∈ , then 
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Proof. On the one hand, 
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Where 1 2
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From these, the second equation in (5) and the second equation in (6) can be obtained. 
On the other hand, using the Taylor expansion 
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and Theorem 2 is proved. 
Example 3. Let 2k =  in 
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Example 4. Let 1, 2k =  in (5) and (6), then 
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3. Conclusion 

This note is based on the expansion of the )(arctan( )) (p px ∈  series, a set of series identities involving harmonic 
numbers can be obtained. It is noteworthy that these identities can be expressed using constants such as 

, ln 2, (2 1),n nπ ζ + ∈ , Catalan's constant G and others. 
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