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  Abstract 
In this paper, we proceed to analyze and dispose of time series data that are meas-
ured repeatedly on the basis of AR(p) via an approach called 'quasi-least squares'. 
We first briefly provide an overview and description of the quasi-least squares 
method, making it easy to illustrate the iterative steps and convergence criteria of 
the algorithm based on the parameter estimation process of the generalized linear 
model. Next, as an application of the quasi-least squares method, we assume to 
construct a model that can be used to handle time series data with errors taken by 
repeated measures with the help of an autoregressive model. In order to improve 
the efficiency of parameter estimators, we are supposed to take advantage of the 
quasi-least squares to present an integral iterative procedure for the regression co-
efficients and autoregressive coefficients of AR(p), thereupon then further verify-
ing the practicability of the model and algorithm. Most importantly, under some 
wild regularity conditions, we show that the resulting estimators are asymptotically 
normal. 
 
Keywords 
Quasi-least squares, AR(p), Longitudinal data, Asymptotic normality 

 
1. Introduction 

In the application of data analysis, regression analysis is the most commonly used method. Ordinary linear regression 
analysis usually has the following three assumptions: 

(1) The dependent variable of each controllable variable is structurally approximately linearly related; 
(2) Random error is a mutually independent and identically distributed random variable with zero mean and constant 

variance; 
(3) Controllable variables are linearly independent with random errors. 
If random errors are from N(0,σ2), we call this model a Gaussian Markov model whose least square estimation of the 

regression coefficients is the same as the Maximum Likelihood Estimation (MLE). The ordinary least squares regression 
model mentioned above performs very well in processing cross-sectional data. Nevertheless, we need occasionally to meas-
ure data that is a combination of time series data and cross-sectional data in practice, and we commonly name such data as 
longitudinal data. The so-called longitudinal data refers to repeated measures of the same subject, characterized by a ten-
dency towards correlation between multiple observations. However, independent variables are required in traditional sta-
tistical tools, therefore, it seems to be unreliable to analyze longitudinal data using ordinary linear regression due to the 
fact that it does not comply with the assumption (2). 

The statistical analysis of longitudinal data has always been a topic of discussion. Nelder and Wedderburn (1972) [1] 
proposed processing longitudinal data using a generalized linear model. Then, in order to describe the marginal mean of 
the outcome variable, Liang and Zeger (1986) [2] introduced the generalized estimating equation (GEE), which is devel-
oped on the basis of the generalized linear model and mainly focuses on data measured repeatedly. It is a regression model 
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that uses quasi-likelihood estimation methods to estimate parameters for analyzing correlated data and dealing with imbal-
anced longitudinal data which is characterized in terms of different numbers and the interval between repeated measures 
of the research subject in the longitudinal data. In addition to the normal distribution, GEE uses a link function to fit the 
variables of various distributions such as binomial distribution, Poisson distribution, and gamma distribution into corre-
sponding statistical models, solving the problems of non-independence of data that is measured over and over again, then 
obtaining the robust parameters. Furthermore, the largest advantage of GEE in analyzing longitudinal data is that even if 
the working correlation matrix is misspecified, consistent estimates of regression coefficients can still be obtained. 

But GEE has also certain limitations. On the one hand, McDonald (1993) [3] and Fitzmaurice (1995) [4] have significant 
controversy regarding the effectiveness of the parameter estimators obtained when the correlation structure is misspecified 
and they persist that it will lead to a great loss of efficiency of parameter estimates. Consequently, there is no doubt that 
effectiveness becomes the main topic of subsequent research. On the other hand, GEE has high requirements for working 
correlation matrix and needs to find suitable matrices for analysis. Sometimes it is not easy to obtain consistent estimates 
of unknown parameters, making it difficult to analyze correlation structure. That is, in some simple cases where the matrix 
is misspecified, the estimated values of nuisance parameter a cannot be obtained. As a result, in order to overcome a series 
of difficulties brought about by the GEE method, Chaganty (1998) [5] considered three types of continuous generalized 
spatial correlation matrices and proposed the quasi-least squares (QLS) method. Meanwhile, he concluded that QLS is 
more efficient than the GEEs method when the working correlation is misspecified through serially related data-the AR(1), 
the Markov, and the generalized Markov structure that was assumed by the Woodworth et.al (1994) [6]. 

The rest of the paper is organized as follows. We introduce the proposal of the QLS method and summarize the iterative 
procedure of parameter estimators (Sect.2). In Sect.3, using the QLS method, we show an estimation method for auto-
regressive coefficients and regression coefficients of AR (p). Then, the asymptotic normality of the parameter estimates is 
given in Sect. 4. Finally, the article is concluded with a discussion in Sect. 5. 

2. Methodology 

2.1 Notations 

Liang and Zeger (1986) [2] introduced generalized estimating equations for handling and analyzing longitudinal data, 
and the setup can be briefly described as follows. 

Let 𝑌𝑌𝑖𝑖 = (𝑦𝑦𝑖𝑖1,𝑦𝑦𝑖𝑖2,⋯ ,𝑦𝑦𝑖𝑖𝑡𝑡𝑖𝑖)
𝑇𝑇 be 𝑡𝑡𝑖𝑖 repeated measures taken on the ith subject, and 𝑥𝑥𝑖𝑖𝑖𝑖 = (𝑥𝑥𝑖𝑖𝑖𝑖1, 𝑥𝑥𝑖𝑖𝑖𝑖2,⋯ , 𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖)𝑇𝑇  𝑖𝑖𝑖𝑖 𝑉𝑉vector 

of covariates. Particularly, for Vj ≠ k, 𝑘𝑘, 1 ≤ 𝑗𝑗, 𝑘𝑘 ≤ 𝑡𝑡𝑖𝑖 , 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, note that yij and Yik are linearly independent. Here, it is 
not necessary to specify what distribution the vector follows, and instead, assuming that 
𝐸𝐸(𝑦𝑦𝑖𝑖𝑖𝑖) = 𝜇𝜇𝑖𝑖𝑖𝑖 , 𝑉𝑉𝑉𝑉𝑉𝑉(𝑦𝑦𝑖𝑖𝑖𝑖) = 𝜙𝜙ℎ(𝜇𝜇𝑖𝑖𝑖𝑖), 
where 𝜙𝜙 > 0 may be a known constant or an unknown positive scale parameter which represents the part that Y's 

variance cannot be explained by h(ℎ(𝜇𝜇𝑖𝑖𝑖𝑖). Especially, 𝜙𝜙 = 1 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑌𝑌𝑖𝑖′𝑠𝑠 when Yis are from binomial or poisson distribu-
tion. The variance function h(·) is assumed to be a known smooth link function.We assume that 

𝑔𝑔(𝜇𝜇𝑖𝑖𝑖𝑖) = 𝑥𝑥𝑖𝑖𝑖𝑖𝑇𝑇𝛽𝛽, 

where g(·) is an invertible function denoting the marginal expectation of yij as a linear combination of the covariates, and 
𝛽𝛽 = (𝛽𝛽1,𝛽𝛽2,⋯ ,𝛽𝛽𝑝𝑝)𝑇𝑇 𝑎𝑎𝑎𝑎 × 1𝑉𝑉𝑉𝑉𝑉𝑉vector of regression parameters. To simplify notation, we let𝑡𝑡1 = 𝑡𝑡2 = ⋯ = 𝑡𝑡𝑛𝑛 = 𝑡𝑡. 

Liang and Zeger (1986) [2] proposed a matrix called working correlation, R(𝑅𝑅(𝛼𝛼), handling the inter-dependent data 
which is measured repeatedly on the ith subject, and a in R(a) is a q x 1 column vector of nuisance parameter denoted𝑎𝑎𝑎𝑎𝑎𝑎 =
(𝛼𝛼1,𝛼𝛼2,⋯ ,𝛼𝛼𝑞𝑞)𝑇𝑇. Furthermore, a belongs to an open convex set ξ in R9, that is, for V ξ, such that 𝑅𝑅(𝛼𝛼) 𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 × 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡pos-
itive-definite matrix. If the covariance matrix 𝑜𝑜𝑜𝑜𝑌𝑌𝑖𝑖 and Σi satisfy the following equation 

�
𝑖𝑖

= 𝐴𝐴𝑖𝑖
1
2(𝛽𝛽)𝑅𝑅(𝛼𝛼)𝐴𝐴𝑖𝑖

1
2(𝛽𝛽), 

where𝑒𝑒𝑒𝑒𝑒𝑒𝐴𝐴𝑖𝑖(𝛽𝛽) = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(ℎ(𝜇𝜇𝑖𝑖1),ℎ(𝜇𝜇𝑖𝑖2),  ⋯ ,ℎ(𝜇𝜇𝑖𝑖𝑖𝑖)) .Liang and Zeger (1986) [2] estimated regression coefficients via 
GEEs and using Pearson residuals to obtain the estimated values of nuisance parameter a and scale parameter ø. 

2.2 Estimation 

Considering the limitations of GEEs, Chaganty (1997) [7] proposed QLS to improve the efficiency of parameter estima-
tors. The general description of the estimating equation for this method is as follows. 

First of all, we define the following quadratic form 
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𝑆𝑆(𝜙𝜙,𝛼𝛼,𝛽𝛽) =
1
𝜙𝜙
�
𝑚𝑚

𝑖𝑖=1

(𝑌𝑌𝑖𝑖 − 𝜇𝜇𝑖𝑖(𝛽𝛽))𝑇𝑇�
−1

𝑖𝑖

(𝑌𝑌𝑖𝑖 − 𝜇𝜇𝑖𝑖(𝛽𝛽)) 

= 1
𝜙𝜙
∑𝑚𝑚
𝑖𝑖=1 (𝑌𝑌𝑖𝑖 − 𝜇𝜇𝑖𝑖(𝛽𝛽))𝑇𝑇𝐴𝐴𝑖𝑖

−12(𝛽𝛽)𝑅𝑅−1(𝛼𝛼)𝐴𝐴𝑖𝑖
−12(𝛽𝛽)(𝑌𝑌𝑖𝑖 − 𝜇𝜇𝑖𝑖) (2.1) 

In order to obtain the estimated value of a, this requires minimizing the Eq. (2.1). Specifically, taking the partial deriva-
tive of Eq. (2.1) with respect to aj and equating to zero, that is, 

∂𝑆𝑆(𝜙𝜙,𝛼𝛼,𝛽𝛽)
∂𝛼𝛼𝑗𝑗

= ∑𝑚𝑚
𝑖𝑖=1 𝑍𝑍𝑖𝑖𝑇𝑇

∂𝑅𝑅−1(𝛼𝛼)
∂𝛼𝛼𝑗𝑗

𝑍𝑍𝑖𝑖 = 0, 1 ≤ 𝑗𝑗 ≤ 𝑞𝑞 (2.2) 

𝑍𝑍𝑖𝑖 = 𝐴𝐴𝑖𝑖
−12(𝑌𝑌𝑖𝑖 − 𝜇𝜇𝑖𝑖(𝛽𝛽)) 1 ≤ 𝑖𝑖 ≤ 𝑚𝑚. 

Then, we will study methods of solving 𝐸𝐸𝐸𝐸. (2.2) for a. Differentiating 𝑅𝑅−1(𝛼𝛼)𝑅𝑅(𝛼𝛼) = 𝐼𝐼𝑡𝑡 𝑤𝑤𝑤𝑤𝑤𝑤ℎ respect to, we get 
∂𝑅𝑅−1(𝛼𝛼)
∂𝛼𝛼𝑗𝑗

= −𝑅𝑅−1(𝛼𝛼) ∂𝑅𝑅(𝛼𝛼)
∂𝛼𝛼𝑗𝑗

𝑅𝑅−1(𝛼𝛼), (2.3) 

and hence, 𝐸𝐸𝐸𝐸. (2.2) can be rewritten as 
∂𝑆𝑆(𝜙𝜙,𝛼𝛼,𝛽𝛽)

∂𝛼𝛼𝑗𝑗
= −∑𝑚𝑚

𝑖𝑖=1 𝑍𝑍𝑖𝑖𝑇𝑇𝑅𝑅−1(𝛼𝛼) ∂𝑅𝑅(𝛼𝛼)
∂𝛼𝛼𝑗𝑗

𝑅𝑅−1(𝛼𝛼)𝑍𝑍𝑖𝑖 = 0, 1 ≤ 𝑗𝑗 ≤ 𝑞𝑞 (2.4) 

Remark 2.1. 𝐸𝐸𝐸𝐸. (2.4) can be solved explicitly for a when the inverse of correlation structure 𝑅𝑅(𝛼𝛼) is readily available. 
However, in other cases, we have an alternative technique such as spectral decomposition for 𝑅𝑅(𝛼𝛼) to solve. (2.4). See 
Chaganty (1997) [7]. 

Additionally, to estimate β, our natural idea is still minimizing the Eq. (2.2). Nevertheless, during the solving procedure, 

it is not difficult to note that on one hand, the multiplication 𝜇𝜇𝑖𝑖(𝛽𝛽) 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴𝑖𝑖
−12(𝛽𝛽) ∈ 𝐸𝐸𝐸𝐸.(2.1) would cause computational 

difficulties when calculating the partial derivative. On the other hand, we need to obtain an unbiased estimator of β. More 
importantly, when y's are from an exponential family of distributions, we extremely hope that the estimated value of β is 
consistent with that given via MLE. Based on the above discussion, we substitute 

𝑆𝑆(𝛽𝛽,𝛽𝛽∗,𝛼𝛼) = ∑𝑚𝑚
𝑖𝑖=1 (𝑦𝑦𝑖𝑖 − 𝜇𝜇𝑖𝑖(𝛽𝛽))𝑇𝑇𝐴𝐴𝑖𝑖

−12(𝛽𝛽∗)𝑅𝑅−1(𝛼𝛼)𝐴𝐴𝑖𝑖
−12(𝛽𝛽∗) (2.5) 

 
For 𝐸𝐸𝐸𝐸. (2.1) to estimate β. Carrying out the differentiation of Eq. (2.5) with respect to β, then, 𝛽𝛽∗ = 𝛽𝛽,, it follows that 

the estimating equation of β, 

∑𝑚𝑚
𝑖𝑖=1 𝐷𝐷𝑖𝑖(𝛽𝛽)𝑇𝑇𝐴𝐴𝑖𝑖

−12(𝛽𝛽)𝑅𝑅−1(𝛼𝛼)𝑍𝑍𝑖𝑖 = 0, (2.6) 

where 𝐷𝐷𝑖𝑖(𝛽𝛽) = [

∂𝜇𝜇𝜇𝜇1
∂𝛽𝛽1

⋯ ∂𝜇𝜇𝑖𝑖𝑖𝑖1
∂𝛽𝛽𝑝𝑝

∂𝜇𝜇𝑖𝑖𝑖𝑖1
∂𝛽𝛽1

˙

⋯ ∂𝜇𝜇𝜇𝜇𝜇𝜇
∂𝛽𝛽𝑝𝑝

]

𝛾𝛾
˙
𝑝𝑝

] 

Remark 2.2. 𝐸𝐸𝐸𝐸.(2.6) is similar to that proposed by Liang and Zeger (1986) [2], and undoubtedly, the explicit solution 
of β can be derived via quasi-likelihood method. 

2.3 Algorithm 

What we are indeed interested in is estimating a and β simultaneously by solving Eq. (2.1) and Eq. (2.5). Chaganty (1997) 
[7] came up with a step-by-step recursive algorithm based on the Fisher scoring method to tackle the potentia1 trouble 
better. The iterative procedure can be described as follows: 

Step 1: Choose an initial value β(0) for β. The solution to a generalized estimating equation for β can be regarded as an 
initial value, denoted as β(0) 

Step 2: Compute 𝐴𝐴𝑖𝑖∗ = 𝐴𝐴𝑖𝑖(𝛽𝛽(𝑙𝑙)) 𝜇𝜇𝑖𝑖∗ = 𝜇𝜇𝑖𝑖(𝛽𝛽(𝑙𝑙)) 𝑍𝑍𝑖𝑖∗ = 𝐴𝐴𝑖𝑖∗ −
1
2

(𝑌𝑌𝑖𝑖 − 𝜇𝜇𝑖𝑖∗) 𝐷𝐷𝑖𝑖∗ = 𝐷𝐷𝑖𝑖(𝛽𝛽(𝑙𝑙)). 

Step 3: At the ith iteration, solve for a(1) using 𝐸𝐸𝐸𝐸., then c𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑅𝑅∗ = 𝑅𝑅(𝑎𝑎(𝑙𝑙))𝑎𝑎𝑎𝑎𝑎𝑎 ∑∗
𝑖𝑖 = 𝐴𝐴𝑖𝑖∗ −

1
2
𝑅𝑅∗𝐴𝐴𝑖𝑖

∗−12, 1 ≤
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𝑖𝑖 ≤ 𝑚𝑚. 
Step 4: Update the value of β(l) as 

𝛽𝛽(1+1) = 𝛽𝛽(1) + [�
𝑚𝑚

𝑖𝑖=1

𝐷𝐷𝑖𝑖∗
∗�

∗

𝑖𝑖

�
∗−1

𝑖𝑖

𝐷𝐷𝑖𝑖∗]|�
𝑚𝑚

𝑖𝑖=1

𝐷𝐷𝑖𝑖∗�
𝑖𝑖

 

Step 5: Repeat Steps 2- 4 until the convergence criterion 

||𝛽𝛽(𝑙𝑙+1) − 𝛽𝛽(𝑙𝑙)|| < 10−5 
is met and denote the converged α, β as â, β respectively. 

Finally, we suppose that ф is an unknown scale parameter, and ø can be estimated using the nether mean residual sum 

of squares: 𝜙𝜙
^

= ∑𝑚𝑚𝑖𝑖=1 ∑𝑇𝑇𝑖𝑖 𝑍𝑍𝑖𝑖
𝑛𝑛𝑛𝑛

𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑍𝑍
^
𝑖𝑖 = 𝐴𝐴𝑖𝑖

−12(𝛽𝛽
^

)(𝑌𝑌𝑖𝑖 − 𝜇𝜇𝑖𝑖(𝛽𝛽
^

)). 

3. Application 
The data handled in time series analysis is typically information obtained from long-term observations of the same 

subject, such as weather data from certain locations over the past 20 years. And occasionally, it is longitudinal data like the 
blood pressure of a patient measured within a week. Next, as an application of the QLS technique, in this section, we 
continue to adopt the thoughts of Chatangy (1997)'s [7] to construct a model for analyzing the aforementioned data, com-
bining with an autoregressive model. 

3.1 Model 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝑦𝑦𝑖𝑖 = (𝑦𝑦𝑖𝑖1,𝑦𝑦𝑖𝑖2,⋯ ,𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖)𝑇𝑇𝑎𝑎𝑎𝑎 𝑎𝑎 𝑡𝑡𝑖𝑖 - dimensional column vector which means out-come obtained from ti repeated 
measurements taken on the ith subject, and xi is a(𝑡𝑡𝑖𝑖 × 𝑟𝑟)matrix indicating a correlation between r covariates and the 
dependent variable. 

Then, we structure the following model on the basis of AR(p). Assuming that 
𝑦𝑦𝑖𝑖 = 𝑥𝑥𝑖𝑖𝛽𝛽 + 𝜖𝜖𝑖𝑖 ,  𝑖𝑖 = 1,2,⋯ ,𝑛𝑛 (3.1) 

𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝛽𝛽 = (𝛽𝛽1,𝛽𝛽2,⋯ ,𝛽𝛽𝑟𝑟)𝑇𝑇is a vector of regression coefficients of r covariates related to the dependent variable, and 1 
column vector of random errors that are independent of each other and do not follow the same distribution, that is, 

𝐸𝐸(𝜖𝜖𝑖𝑖) = 0, 𝑐𝑐𝑐𝑐𝑐𝑐(𝜖𝜖𝑖𝑖) = 𝜎𝜎2

1−𝜙𝜙𝑇𝑇𝜌𝜌
𝑃𝑃𝑖𝑖(𝜌𝜌) = 𝜎𝜎2𝑉𝑉𝑖𝑖(𝜙𝜙), 𝑖𝑖 = 1,2,⋯ ,𝑛𝑛, 

𝜌𝜌𝑝𝑝)𝑇𝑇 , 𝜙𝜙𝑝𝑝)𝑇𝑇 2 is an unknown positive constant. 
Remark 3.1. We require to distinguish between Φ and β due to the fact that their meaning is different. Specifically, the 

autoregressive coefficients o represent the observation of the certain subject for a period of time, and all dependent variables 
can be characterized using AR(p). While β1, is r regression coefficients that denote all subjects, following the regression 
model. 

In addition, p and o satisfy the following Yule-W lker Equations: 
𝜌𝜌𝑝𝑝−1 

𝑝𝑝 − 2 (3.2) 
alternatively, 𝐸𝐸𝐸𝐸.(3.2) can also be rewritten as 

𝜌𝜌 = 𝑅𝑅(𝜌𝜌)𝜙𝜙, 
𝑊𝑊ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝜌𝜌) = [𝜌𝜌|𝑖𝑖 − 𝑗𝑗|]𝑝𝑝 × 𝑝𝑝 is an auto-covariance matrix, and o must satisfy that the root of 

𝑓𝑓(𝑥𝑥) = 1 − 𝜙𝜙1𝑥𝑥 −⋯− 𝜙𝜙𝑝𝑝𝑥𝑥𝑛𝑛 

is outside the unit circle, such that ø) is a positive-definite matrix with 2𝑝𝑝 < 𝑡𝑡𝑖𝑖 < 𝑡𝑡 < ∞,∀𝑖𝑖 = 
In line with the definition of trace, we see that 

𝑡𝑡𝑡𝑡(𝐴𝐴) = �
𝑛𝑛

𝑖𝑖=1

𝑎𝑎𝑖𝑖𝑖𝑖 ,𝐴𝐴 = (𝑎𝑎𝑖𝑖𝑖𝑖)𝑛𝑛×𝑛𝑛. 

Similarly, the following lemma can be easily presented. 
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Lemma. If 𝐴𝐴 = (𝑎𝑎𝑖𝑖𝑖𝑖)𝑚𝑚×𝑛𝑛𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = (𝑏𝑏𝑖𝑖𝑖𝑖)𝑛𝑛×𝑚𝑚,it follows that t𝑡𝑡𝑡𝑡(𝐴𝐴𝐴𝐴) = 𝑡𝑡𝑡𝑡(𝐵𝐵𝐵𝐵). 
Proof. 𝑡𝑡𝑡𝑡(𝐴𝐴𝐴𝐴) = ∑𝑛𝑛

𝑖𝑖=1 (∑𝑛𝑛
𝑘𝑘=1 𝑎𝑎𝑖𝑖𝑖𝑖𝑏𝑏𝑘𝑘𝑘𝑘) = ∑𝑛𝑛

𝑘𝑘=1 (∑𝑛𝑛
𝑖𝑖=1 𝑏𝑏𝑘𝑘𝑘𝑘𝑘𝑘𝑎𝑎𝑖𝑖𝑖𝑖) = 𝑡𝑡𝑡𝑡(𝐵𝐵𝐵𝐵). 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝑈𝑈𝑖𝑖 = (𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽)(𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽)𝑇𝑇, according to Lemma, we note that 

(𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽)𝑇𝑇𝑉𝑉𝑖𝑖−1(𝜙𝜙)(𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽) = 𝑡𝑡𝑡𝑡[(𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽)𝑇𝑇𝑉𝑉𝑖𝑖−1(𝜙𝜙)(𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽)] 

= 𝑡𝑡𝑡𝑡[𝑉𝑉𝑖𝑖−1(𝜙𝜙)(𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽)(𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽)𝑇𝑇] (3.3) 

= 𝑡𝑡𝑡𝑡[𝑉𝑉𝑖𝑖−1(𝜙𝜙)𝑈𝑈𝑖𝑖], 
where 𝑉𝑉𝑖𝑖−1(𝜙𝜙) = 𝐶𝐶𝑖𝑖00 − 2∑𝑝𝑝

𝑘𝑘=1 𝜙𝜙𝑘𝑘𝐶𝐶𝑖𝑖𝑖𝑖0 + ∑𝑝𝑝
𝑘𝑘=1 ∑𝑝𝑝

𝑘𝑘=1 𝜙𝜙𝑘𝑘𝜙𝜙𝑙𝑙𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 . 
Next, we have some interpretation with regard to the symbols appearing in 𝑉𝑉𝑖𝑖−1(𝜙𝜙) in the following Remark. 
Remark 3.2. 𝐶𝐶𝑖𝑖00𝑖𝑖𝑖𝑖 (𝑡𝑡𝑖𝑖 × 𝑡𝑡𝑖𝑖) identity matrix, 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑖𝑖 × 𝑡𝑡𝑖𝑖) matrix which illustrates that when 𝑘𝑘 > 𝑙𝑙, the first 

and last l elements of the (𝑘𝑘 − 𝑙𝑙)th diagonal above and below the main diagonal are all zeros, while all of the others are 
ones, that is, except for the fact that there arg 2(𝑡𝑡𝑖𝑖 − (𝑘𝑘 − 𝑙𝑙) − 2𝑙𝑙) = 2(𝑡𝑡𝑖𝑖 − 𝑘𝑘 − 𝑙𝑙)𝑜𝑜𝑜𝑜𝑜𝑜nes one both the (k -l)th upper and 
lower diagonals of the main one, the rest are all ones in the entire matrix 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑘𝑘 = 1,2,⋯ ,𝑝𝑝, 𝑙𝑙 = 0,1,2,⋯ ,𝑝𝑝. And 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 
indicates that the first and last k elements on the main diagonal are zeros, the remaining (𝑡𝑡𝑖𝑖 − 2𝑘𝑘) elements on it are ones, 
while the other positions in Cikk is filled with zeros. 𝐶𝐶𝑖𝑖 

Remark 3.3. For 𝐸𝐸𝐸𝐸. (3.3)), we ultilize the technique of Cholesky decomposition to obtain the expression of 𝑉𝑉𝑖𝑖−1(𝜙𝜙). 
The specific derivation of V-1(ø) was introduced by Gentle (2007) [8], we will no longer go into more unnecessary details 
in this paper. 

3.2 Estimating equations 

Assuming that εi follows a multivariate normal distribution, the estimated values of β and ø can be derived via either the 
maximum likelihood method or the matrix technique, known as the Yule-Walker estimation. Here, we estimate the unknown 
parameters in the model with the approach of QLE. 

First of all, define the following objective function combining with the Eq. (3.3) 

𝑄𝑄(𝛽𝛽,𝜙𝜙) = ∑𝑛𝑛
𝑖𝑖=1 (𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽)𝑇𝑇𝑉𝑉𝑖𝑖−1(𝜙𝜙)(𝑦𝑦𝑖𝑖 − 𝑥𝑥𝑖𝑖𝛽𝛽) (3.4) 

= �
𝑛𝑛

𝑖𝑖=1

𝑡𝑡𝑡𝑡[𝑉𝑉𝑖𝑖−1(𝜙𝜙)𝑈𝑈𝑖𝑖]. 

Equating to zero the partial derivative with respect to o of E𝐸𝐸𝐸𝐸. (3.4) gives the first set of estimating equations: 
∑𝑛𝑛
𝑖𝑖=1 𝑡𝑡𝑡𝑡[∂𝑉𝑉𝑖𝑖

−1(𝜙𝜙)
∂𝜙𝜙

𝑈𝑈𝑖𝑖] = 2𝑛𝑛(𝐶𝐶𝐶𝐶 − 𝑐𝑐0) = 0, then, following that 

𝜙𝜙
~

= 𝐶𝐶−1𝑐𝑐0 (3.5) 

𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑐𝑐𝑘𝑘𝑘𝑘 = 1
𝑛𝑛
∑𝑛𝑛
𝑖𝑖=1 𝑡𝑡𝑡𝑡[𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑈𝑈𝑖𝑖] = 1

𝑛𝑛
∑𝑛𝑛
𝑖𝑖=1 ∑𝑡𝑡𝑖𝑖−𝑙𝑙

𝑗𝑗=𝑘𝑘+1 𝜖𝜖𝑖𝑖𝑖𝑖𝜖𝜖𝑖𝑖(𝑗𝑗 + 𝑙𝑙 = 𝑘𝑘), is the jth element of Ei. 
Remark 3.4. The aforesaid Φ is not the consistent estimator of ø. 
Accordingly, we have to reconsider the estimation procedure of ø. Recalling that 

∂𝑉𝑉𝑖𝑖−1(𝜙𝜙)
∂𝜙𝜙𝑘𝑘

= 2(�
𝑝𝑝

𝑙𝑙=1

𝜙𝜙𝑙𝑙𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 − 𝐶𝐶𝑖𝑖𝑖𝑖0) 

and 𝑘𝑘 = 1,2,⋯ ,𝑝𝑝, 𝑙𝑙 = 0,1,2,⋯ ,𝑝𝑝. 𝑡𝑡 = ∑𝑛𝑛𝑖𝑖=1 𝑡𝑡𝑖𝑖
𝑛𝑛

, 

𝑡𝑡𝑡𝑡[𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑃𝑃𝑖𝑖(𝜌𝜌)] = (𝑡𝑡𝑖𝑖 − 𝑘𝑘 − 𝑙𝑙)𝜌𝜌𝑘𝑘−𝑙𝑙 , 
it follows that equivalently, 

(𝑡𝑡 − 3)      4 (3.6) 

(𝑡𝑡 − 3)𝜌𝜌1 
(𝜌𝜌 + 2))𝜌𝜌𝑝𝑝−2 

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊 𝐷𝐷𝑘𝑘 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎 × 𝑝𝑝𝑝𝑝sy mmetric matrix whose elements on the kth diagonal above and below the main diagonal are{𝑡𝑡 −
(𝑘𝑘 + 2), 𝑡𝑡 − (𝑘𝑘 + 2 ⋅ 2),⋯ , 𝑡𝑡 − [𝑘𝑘 + 2 ⋅ (𝑝𝑝 − 𝑘𝑘)]} 𝑘𝑘 = 0,1,2,⋯ ,𝑝𝑝 − 1, and hence 𝑐𝑐𝑐𝑐 𝐸𝐸𝐸𝐸.(3.6) can be transformed into a 
matrix representation. 
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[𝐷𝐷0 + ∑𝑘𝑘=1 𝐷𝐷𝑘𝑘𝜌𝜌𝑘𝑘]𝜙𝜙
~

= (𝑡𝑡𝐼𝐼𝑝𝑝 − 𝐷𝐷)𝜌𝜌, (3.7) 

where 𝐷𝐷 = [
1 0 ⋯ 0
0 2 ⋯ 0
0 0 ⋯ 𝑝𝑝

] 

On the basis of 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜. (3.7), we have 

𝜌𝜌
^

= (𝑡𝑡𝐼𝐼𝑝𝑝 − 𝐷𝐷 − ∑𝑝𝑝−1
𝑘𝑘=1 𝐷𝐷𝑘𝑘Φ𝑒𝑒𝑘𝑘𝑇𝑇)−1𝐷𝐷0𝜙𝜙

~
 (3.8) 

and 𝑒𝑒𝑘𝑘 = (0,0,⋯ ,0,1,0,⋯ ,0)𝑇𝑇  with only the kth element is 1, thereby, the consistent estimator of Φ can be readily obtained, 
that is, 

𝜙𝜙
^

= 𝑅𝑅−1(𝜌𝜌
^

)𝜌𝜌
^

. (3.9) 
Combining𝐸𝐸𝐸𝐸. (3.4) with 𝐸𝐸𝐸𝐸.), we can estimate β as follows 

𝛽𝛽
^

= (∑𝑛𝑛
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑇𝑇𝑉𝑉𝑖𝑖−1(𝜙𝜙

^
)𝑥𝑥𝑖𝑖)−1(∑𝑛𝑛

𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑇𝑇𝑉𝑉𝑖𝑖−1(𝜙𝜙
^

)𝑦𝑦𝑖𝑖). (3.10) 

3.3 Algorithm 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝜃𝜃1 = (𝛽𝛽𝑇𝑇 ,𝜙𝜙𝑇𝑇)𝑇𝑇, generally speaking, the parameter estimation procedure described above can be summarized 
as the following iterative algorithm. 

Step 1: Choose o (0) as the initial value of ø. Based on the time series of certain subjects, we use the moment estimating 
equation (3.5) to provide an initial value o(0) for ø. 

Step 2: At the lth iteration, compute 𝐸𝐸𝐸𝐸.(3.7), specifically, 

𝜌𝜌(𝑙𝑙) = (𝑡𝑡𝐼𝐼𝑝𝑝 − 𝐷𝐷 −�
𝑝𝑝−1

𝑘𝑘=1

𝐷𝐷𝑘𝑘𝜙𝜙(𝑙𝑙)𝑒𝑒𝑘𝑘𝑇𝑇)−1𝐷𝐷0𝜙𝜙(𝑙𝑙). 

Step 3: Renew the estimated values of Φ and β as 𝜙𝜙(𝑙𝑙+1) = 𝑅𝑅−1(𝜌𝜌(𝑙𝑙))𝜌𝜌(𝑙𝑙) and respectively. 
Step 4: Repeat Steps 2-3 and the algorithm will not stop until a convergence criterion 

||𝜃𝜃1
(𝑙𝑙+1) − 𝜃𝜃1

(𝑙𝑙)|| < 10−5 

is met. 

Eventually, let converged 𝜃𝜃
^
1 = (𝛽𝛽

^
𝑇𝑇 ,𝜙𝜙

^
𝑇𝑇)𝑇𝑇 be the QLS estimates 𝑜𝑜𝑜𝑜𝜃𝜃1 = (𝛽𝛽𝑇𝑇 ,𝜙𝜙𝑇𝑇)𝑇𝑇, thereby, 

𝜎𝜎2
^

=
𝑄𝑄(𝛽𝛽

^
,𝜙𝜙

^
)

𝑛𝑛𝑡𝑡
=
𝐶𝐶00 − 2𝜙𝜙𝑇𝑇𝑐𝑐0 + 𝜙𝜙𝑇𝑇𝐶𝐶𝐶𝐶

𝑡𝑡
 

can be derived via mean residual sum of squares that have been mentioned in Sect. 2. 

4. Inference 
We next study the asymptotic properties of the resulting QLS estimators. Suppose βo and Φo to be the true values of 

βand Φ respectively. Of special note is that this paper is in the situation in which the single-index function a (·) = 0 in 
Zhang and Xue (2017)'s, so that all the assumption-S(A.1)-(A.9) are readily met. 

Being similar with the notation, the following Theorem 4.1 states that β is asymptotically normally distributed. 
Theorem 4.1. Under all of the regularity conditions (A.1)-−(𝐴𝐴. 9), 

√𝑛𝑛(𝛽𝛽
^
− 𝛽𝛽0) →𝑐𝑐 𝑁𝑁(0, Γ−1ΔΓ−1), 

where →c represents the convergence in distribution. 
Remark 4.1. T and Δ appearing in the aforementioned theorem as well as the specific process of proof can be deprived 

from Zhang and Xue (2017) [9]. 
Furthermore, on the basis of Eq. (3.8), asymptotic normality of the estimator Ø is about to be derived in the Theorem 

(4.2) as follows. 
Theorem 4.2. If𝑌𝑌𝑖𝑖is the causal AR(p) process with εi ~𝑁𝑁(0,𝜎𝜎2)o2) i.i.d and Φ satisfying Eq.(3.8), it follows that 
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√𝑛𝑛(𝜙𝜙
^
− 𝜙𝜙0) →𝑐𝑐 𝑁𝑁(0,𝜎𝜎2Γ𝑝𝑝 − 1), 

where Tp is the covariance matrix[𝛾𝛾|𝑖𝑖 − 𝑗𝑗|]𝑝𝑝×𝑝𝑝. 
Remark 4.2. Seeing also Brockwell and Davis (1991) [10], we shall obtain an integrated proof procedure for the auto-

regressive coefficients ø. 

5. Discussion 
In this paper, we primarily combine existing research to further demonstrates and conclude the iterative procedure of the 

quasi-least squares algorithm, using this approach to estimate parameters through a simple autoregressive model and reach 
the asymptotic normality of the estimator. 

Apparently, there are still some cases where are not completely taken into account. On one hand, Prentice (1988) [11] 
had deeper arguments with regard to the GEE supposed by Liang, Zeger and Qaqish (1992) [12], proposing that GEE1 and 
GEE2 respectively. Meanwhile, Desmond (1997) [13] also p-resented a comparison of GEE, GEE1 and GEE2. Neverthe-
less, the estimation performance of QLS, GEE1 and GEE2 did not be differentiated under two-dimensional correlated data, 
and therefore, it will be regarded as the subject of future research. 

On the other hand, in order to simplify the research, this article only demonstrates the cases of balanced longitudinal 
data, while how to analyze and hackle unbalanced even censored ones will also be the focus of future research regarding 
this topic. 
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