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  Abstract 
Causal inference serves as a fundamental cortical function that inherently involves 
neural communication across various cortical areas. However, the computational 
principles through which neurons communicate with each other to implement 
causal inference remain unclear. To address this question, this paper presents a two-
layer spiking neural network under the hidden Markov model (HMM) framework 
to investigate basic visual causal inference. A hidden cause determines whether di-
rections of paired visual stimuli share a common source, randomly. Receiving stim-
uli, the network incorporates neural communication to generate random responses 
and employs a distance-based method to infer the hidden cause. With rewards from 
inference, the network updates its parameters during training. The trained network 
achieves acceptable performance in designed visual causal inference while repro-
ducing key neurodynamic phenomena of sparse coding and neural variability 
quenching. The spiking neural network integrates neural communication into an 
HMM-based unified framework for sparse coding, neural variability quenching, 
and visual causal inference. 
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1. Introduction 

Causal inference serves as an important cortical function [1-3]. Previous experiments have established the implemen-
tation of causal inference involves neural communication across multiple cortical regions and areas [2, 4, 5]. Exper-
imental observations indicate that it is feasible to consider neural communication in investigating the principles of 
causal inference. 

Bayesian causal inference performs as an important probabilistic method to explore causal inference [6, 3, 7]. Our 
previous work designed a feedforward spiking neural network to implement visual causal inference with the Bayesian 
model [8]. Previous studies indicate that the probabilistic framework is suitable and feasible for causal inference. 

Experimental studies have demonstrated that neurons in different cortical areas communicate with each other dur-
ing causal inference [2, 4]. Particularly, the processing of form, color, and texture in visual experiments involves 
multiple regions in the ventral stream [9, 10]. The experimental evidence indicates that neural communication and 
cooperation should be considered in exploring causal inference. The winner-take-all (WTA) spiking neural networks 
consider neural communication under a probabilistic framework while investigating cortical functions [11-15]. Our 
previous studies have explored sparse coding, neural variability quenching, and concept learning within the hidden 
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Markov model (HMM), which incorporates both feedforward and lateral neural communication [11-13]. However, 
the principles of causal inference have not been explored within an HMM-based framework. 

This paper designs a two-layer spiking neural network following the basic structure of the primary visual cortical 
neural circuit. A basic procedure of visual causal inference is designed as an example. For paired visual stimuli, a 
hidden cause determines whether their directions share a common source. Receiving stimuli, the network attempts to 
infer the state of the hidden cause. With random responses, the network employs a distance-based clustering method 
fusing information from both neural spikes and rates for inference. Based on rewards from inference, the network 
modifies both its plastic weights and clustering sets during the training phase. The trained network achieves accepta-
ble performances in the visual causal inference and simulates basic phenomena, including sparse neural responses 
and neural variability quenching. Overall, our network provides a possible unified HMM-based framework for sparse 
coding, neural variability quenching, and visual causal inference. 

2. Research Methodology 

2.1 Designs of Simulations and the Spiking Neural Network 

The basic design of visual causal inference follows that introduced in previous studies [3, 7]. The original gray-scale 
image consists of a 50 × 50-pixel background and a 32 × 8-pixel rectangular graphic. To obtain paired visual stimuli, 
the rectangle is randomly oriented and positioned within the square background. Besides images, a variable following 
𝑈𝑈(0,1) performs as the temporal noisy stimulus. 

The simulating procedure consists of L training simulations and L testing simulations (Table 1). Each simulation 
includes various phases with different stimuli [14]. A training simulation consists of one 2T-time steps blank duration 
and two 2T-time steps stimulus-associated durations (Table 1, Fig. 1C). The network receives no inputs during the 
blank duration. For each pair of visual images, its stimulus-associated duration is separated into a pre-stimulus dura-
tion and a stimulus-presented duration. The network only receives the white noisy stimulus in each pre-stimulus 
duration, simulating neural spontaneous activities [16]. Visual stimuli are presented to the network with noisy inputs 
during the stimulus-presented duration, simultaneously. Sources generating directions of stimuli are determined by a 
variable 𝑐𝑐 ∈ {1,2} with equal probabilities (Fig. 1B). If 𝑐𝑐 = 1, directions of paired visual stimuli derive from a com-
mon source and a variable D is sampled from 𝑈𝑈(0,𝜋𝜋). Directions of rectangular stimuli are generated from 𝑁𝑁(𝐷𝐷, 3), 
independently. If 𝑐𝑐 = 2, two variables {𝐷𝐷1,𝐷𝐷2} are sampled from 𝑈𝑈(0,𝜋𝜋) with directions generated from 𝑁𝑁(𝐷𝐷1, 3) 
and 𝑁𝑁(𝐷𝐷2, 3). The rectangle is rotated with {𝐷𝐷1,𝐷𝐷2} (Fig. 1A). Besides, the rectangle in each image is randomly 
displaced from the center with a displacement vector sampled from 𝑁𝑁(0,𝛴𝛴), 𝛴𝛴 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(3,3) (Fig. 1A). In the testing 
phase, directions and locations of visual stimuli are determined as those in training simulations. Particularly, 𝑐𝑐 = 1 
in the 1st stimulus-presented duration while 𝑐𝑐 = 2 in the other stimulus-presented duration. 

 
Figure 1. Designs of simulations and the spiking neural network. (A) Visual images. (B) The spiking neural network. Afferent 
neural groups (circles) receive paired visual stimuli. Three excitatory neural groups (circles) and one inhibitory neural group 
(triangles) compose the downstream network. Synaptic connections include excitatory connections (arrows) and inhibitory 

ones (circular dots). Connections among excitatory neurons are plastic (thick) while others keep fixed (thin). (C) The basic pro-
cedure of a training simulation. (D) The basic procedure of a testing simulation. 
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Table 1. Parameters 

           

           

           

           
 

With stimuli designed above, a two-layer spiking neural network is constructed to implement visual causal infer-
ence (Fig. 1B). The first-layer network consists of two afferent neural groups with their sizes as 𝑁𝑁1 and 𝑁𝑁2. To 
process visual images as retinal ganglion cells, the 𝑛𝑛1th afferent neuron has its receptive field simulated by a basic 
Difference-of-Gaussian (DoG) function [17]. To cover 50×50-pixel images (Fig. 1A), afferent neural receptive fields 
are located on a grid with the spacing distance as 5 pixels [19]. Processing the image with its receptive field, the 𝑛𝑛1th 
afferent neuron obtains a strength of Poisson spikes and generates exponential synaptic trace 𝑥𝑥�𝑡𝑡𝑛𝑛1:  

𝑥𝑥�𝑡𝑡𝑛𝑛1 = ∑ 𝜀𝜀(𝑡𝑡 − 𝑡𝑡𝑛𝑛1
(𝑙𝑙))𝑡𝑡𝑛𝑛1

(𝑙𝑙)<𝑡𝑡 , 𝜀𝜀(𝑠𝑠) = �
𝑒𝑒𝑒𝑒𝑒𝑒(−𝑠𝑠/𝜏𝜏𝑓𝑓) − 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑠𝑠/𝜏𝜏𝑟𝑟), 𝑠𝑠 ≥ 0

0, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
  

          (1) 

where 𝜏𝜏𝑟𝑟 is the rise-time constant and 𝜏𝜏𝑓𝑓 is the fall-time constant (Table 1) [15]. The downstream network in-

cludes three excitatory neural populations and one inhibitory population, distinguished by their corresponding inputs. 
Sizes of excitatory neural populations are 𝐾𝐾1, 𝐾𝐾2, 𝐾𝐾3 while that of the inhibitory population is 𝐽𝐽. Downstream neural 
inter-connections are determined with connective probabilities [14, 15]. For the 𝑘𝑘1th neuron in the 1st excitatory 
neural population, its temporal membrane potential 𝑢𝑢𝑡𝑡𝑘𝑘1

𝑧𝑧 , as well as the soft-max distribution of its active state 𝑧𝑧𝑡𝑡𝑘𝑘1, 
can be expressed as: 

𝑢𝑢𝑡𝑡𝑘𝑘1
𝑧𝑧 = �𝑤𝑤𝑘𝑘1𝑛𝑛1

𝑛𝑛

𝑥𝑥�𝑡𝑡𝑛𝑛1 + �𝑣𝑣𝑘𝑘1𝑘𝑘1′
𝑘𝑘1′

𝑧̃𝑧𝑡𝑡𝑘𝑘1′ + �𝑣𝑣𝑘𝑘1𝑘𝑘2
𝑘𝑘2

𝑧̃𝑧𝑡𝑡𝑘𝑘2 + �𝑣𝑣𝑘𝑘1𝑘𝑘3
𝑘𝑘3

𝑧̃𝑧𝑡𝑡𝑘𝑘3 −�𝑣𝑣𝐸𝐸𝐸𝐸
𝑗𝑗

𝑦𝑦�𝑡𝑡𝑡𝑡 , 

𝑝𝑝(𝑧𝑧𝑡𝑡𝑘𝑘1) =
𝑒𝑒𝑒𝑒𝑒𝑒(𝑢𝑢𝑡𝑡𝑘𝑘1

𝑧𝑧 𝑧𝑧𝑡𝑡𝑘𝑘1)

1+𝑒𝑒𝑒𝑒𝑒𝑒(𝑢𝑢𝑡𝑡𝑘𝑘1
𝑧𝑧 )

,  𝑧𝑧𝑡𝑡𝑘𝑘1 ∈ {0,1}
 
                                (2) 

where  𝑤𝑤𝑘𝑘1𝑛𝑛1𝑥𝑥�𝑡𝑡𝑛𝑛1 , 𝑣𝑣𝑘𝑘1𝑘𝑘1′ 𝑧̃𝑧𝑡𝑡𝑘𝑘1′ , 𝑣𝑣𝑘𝑘1𝑘𝑘2𝑧̃𝑧𝑡𝑡𝑘𝑘2 and 𝑣𝑣𝑘𝑘1𝑘𝑘3𝑧̃𝑧𝑡𝑡𝑘𝑘3 are excitatory postsynaptic potentials (EPSPs) evoked by 
different neurons. 𝑣𝑣𝐸𝐸𝐸𝐸𝑦𝑦�𝑡𝑡𝑡𝑡 is the lateral inhibitory postsynaptic potential (IPSP). Feedforward connections to the 𝑘𝑘1th 
neuron are set with 𝑝𝑝𝐸𝐸𝐸𝐸 (Table 1) [15]. Lateral connections from downstream excitatory and inhibitory neurons are 
also determined with 𝑝𝑝𝐸𝐸𝐸𝐸 and 𝑝𝑝𝐸𝐸𝐸𝐸, respectively (Table 1) [14, 15]. For the existing connections, 𝑤𝑤𝑘𝑘1𝑛𝑛1 , 𝑣𝑣𝑘𝑘1𝑘𝑘1′ , 𝑣𝑣𝑘𝑘1𝑘𝑘2 
and 𝑣𝑣𝑘𝑘1𝑘𝑘3  are plastic while 𝑣𝑣𝐸𝐸𝐸𝐸  is fixed. 𝑥𝑥�𝑡𝑡𝑛𝑛1 , 𝑧̃𝑧𝑡𝑡𝑘𝑘1′ , 𝑧̃𝑧𝑡𝑡𝑘𝑘2 , 𝑧̃𝑧𝑡𝑡𝑘𝑘3 and 𝑦𝑦�𝑡𝑡𝑡𝑡  are temporal synaptic traces (Eq. (1)). The 
𝑘𝑘1th excitatory neuron generates a spike at 𝑡𝑡 if 𝑧𝑧𝑡𝑡𝑘𝑘1 = 1. For neurons in the other two excitatory populations, neural 
membrane potentials, as well as distributions of active states, depend on their received inputs and can be expressed 
in the similar way.  

The 𝑗𝑗th inhibitory neuron has its temporal membrane potential 𝑢𝑢𝑡𝑡𝑡𝑡
𝑦𝑦  and temporal strength 𝜌𝜌𝑡𝑡𝑡𝑡

𝑦𝑦  expressed as: 

𝑢𝑢𝑡𝑡𝑡𝑡
𝑦𝑦 = �𝑣𝑣𝐼𝐼𝐼𝐼

𝑘𝑘1

𝑧𝑧𝑡𝑡𝑘𝑘1 + �𝑣𝑣𝐼𝐼𝐼𝐼
𝑘𝑘2

𝑧𝑧𝑡𝑡𝑘𝑘2 + �𝑣𝑣𝐼𝐼𝐼𝐼
𝑘𝑘3

𝑧𝑧𝑡𝑡𝑘𝑘3 −�𝑣𝑣𝐼𝐼𝐼𝐼

𝑗𝑗′
𝑦𝑦�𝑡𝑡𝑗𝑗′ , 

𝜌𝜌𝑡𝑡𝑡𝑡
𝑦𝑦 = 𝜎𝜎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑢𝑢𝑡𝑡𝑡𝑡

𝑦𝑦 ),                                             (3) 

where 𝑧̃𝑧𝑡𝑡𝑘𝑘1 , 𝑧̃𝑧𝑡𝑡𝑘𝑘2 , 𝑧̃𝑧𝑡𝑡𝑘𝑘3 and 𝑦𝑦�𝑡𝑡𝑗𝑗′  are temporal synaptic traces from downstream neurons. With 𝑝𝑝𝐼𝐼𝐼𝐼 and 𝑝𝑝𝐼𝐼𝐼𝐼 (Table 
1) [15], lateral excitatory and inhibitory connections are determined and marked as fixed weights 𝑣𝑣𝐼𝐼𝐼𝐼 , 𝑣𝑣𝐼𝐼𝐼𝐼 (Table 1). 
With the strength 𝜌𝜌𝑡𝑡𝑡𝑡

𝑦𝑦 , the inhibitory neuron generates Poisson spikes with its active state as 𝑦𝑦𝑡𝑡𝑡𝑡 ∈ {0,1}. 

2.2 The Probabilistic Model 

In the probabilistic model, the hidden cause is indicated by 𝑐𝑐. Visual directions are marked as 𝐷𝐷1 and 𝐷𝐷2. Afferent 

T L rτ fτ 1N 2N 1K 2K 3K J EAp

50 500 1 10 100 100 200 200 200 150 100%

EEp EIp EIp IIp EIv IEv IIv η R cluN 2
rateσ

50% 60% 57.5% 55% 0.5 0.5 0.5 0.005 50 20 20
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neural responses are observed variables while downstream network responses as hidden variables. Afferent inputs up 
to 𝑡𝑡 are collected as 𝑂𝑂𝑡𝑡 = {𝑜𝑜1,⋯ , 𝑜𝑜𝑡𝑡}, where 𝑜𝑜𝑡𝑡′ = �𝑥𝑥�𝑡𝑡′1,⋯ , 𝑥𝑥�𝑡𝑡′𝑁𝑁1 , 𝑥𝑥�𝑡𝑡′1,⋯ , 𝑥𝑥�𝑡𝑡′𝑁𝑁2� are temporal afferent synaptic in-
puts. Downstream network responses at 𝑡𝑡′ are marked as ℎ𝑡𝑡′ , including {𝑧𝑧𝑡𝑡′1,⋯ , 𝑧𝑧𝑡𝑡′𝐾𝐾1 , 𝑧𝑧𝑡𝑡′1,⋯ , 𝑧𝑧𝑡𝑡′𝐾𝐾2 , 𝑧𝑧𝑡𝑡′1,⋯ , 𝑧𝑧𝑡𝑡′𝐾𝐾3 , 
𝑦𝑦𝑡𝑡′1,⋯ ,𝑦𝑦𝑡𝑡′𝐽𝐽} and {𝑧̃𝑧𝑡𝑡′1,⋯ , 𝑧̃𝑧𝑡𝑡′𝐾𝐾1 , 𝑧̃𝑧𝑡𝑡′1,⋯ , 𝑧̃𝑧𝑡𝑡′𝐾𝐾2 , 𝑧̃𝑧𝑡𝑡′1,⋯ , 𝑧̃𝑧𝑡𝑡′𝐾𝐾3 ,𝑦𝑦�𝑡𝑡′1,⋯ ,𝑦𝑦�𝑡𝑡′𝐽𝐽}. {ℎ1,⋯ ,ℎ𝑡𝑡} are collected as 𝐻𝐻𝑡𝑡. In the 
visual causal inference, the network infers 𝑐𝑐 through a distance-based clustering method and gets a temporal reward 
𝑟𝑟𝑡𝑡 (Fig. 1B). Once the network makes the correct inference, it can get a positive reward 𝑟𝑟𝑡𝑡 = 1. Otherwise, it receives 
𝑟𝑟𝑡𝑡 = 0. 

Neural networks with reward-modulated learning rules have been proposed [11, 12, 20]. In this network, {𝑊𝑊,𝑉𝑉} 
are sets of plastic feedforward and lateral weights. {𝐶𝐶1,𝐶𝐶2} are clustering sets in the distance-based method. Param-
eters in the model are collected as 𝛩𝛩 = {𝑊𝑊,𝑉𝑉,𝐶𝐶1,𝐶𝐶2}. The joint distribution of {𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡 ,𝐷𝐷1,𝐷𝐷2, 𝑐𝑐} depending on pa-
rameters is marked as 𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡 ,𝐷𝐷1,𝐷𝐷2, 𝑐𝑐;𝛩𝛩) . While 𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡 ,𝐷𝐷1,𝐷𝐷2, 𝑐𝑐|𝑟𝑟𝑡𝑡 = 1;𝛩𝛩)  reflects the distribution of net-
work responses which can make correct inferences. The network modifies its weights to minimize a Kullback-Leibler 
(KL) divergence 𝐷𝐷𝐾𝐾𝐾𝐾{𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡,𝐷𝐷1,𝐷𝐷2, 𝑐𝑐|𝑟𝑟𝑡𝑡 = 1;𝛩𝛩) ∥ 𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡 ,𝐷𝐷1,𝐷𝐷2, 𝑐𝑐;𝛩𝛩)} . Minimization of KL divergence is 
equal to maximization of a likelihood function 𝐿𝐿(𝛩𝛩): 

𝐿𝐿(𝛩𝛩) = 𝔼𝔼𝑝𝑝(𝑂𝑂𝑡𝑡,𝐻𝐻𝑡𝑡,𝐷𝐷1,𝐷𝐷2,𝑐𝑐,𝑟𝑟𝑡𝑡;𝛩𝛩)[𝑟𝑟𝑡𝑡 𝑙𝑙𝑙𝑙𝑙𝑙 𝑝𝑝 (𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡 ,𝐷𝐷1,𝐷𝐷2, 𝑐𝑐;𝛩𝛩)].                      (4) 

The network implements a stochastic online variant of the Expectation-Maximization (EM) algorithm upon {𝑊𝑊,𝑉𝑉} 
[21]. In the E-step, the network generates its responses as a single sample from 𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡 ,𝐷𝐷1,𝐷𝐷2, 𝑐𝑐, 𝑟𝑟𝑡𝑡;𝛩𝛩) which can 
be factorized with the conditional independence [21]: 

𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡 ,𝐷𝐷1,𝐷𝐷2, 𝑐𝑐, 𝑟𝑟𝑡𝑡;𝛩𝛩) ∝ 𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡|𝐷𝐷1,𝐷𝐷2;𝛩𝛩) ⋅ 𝑝𝑝(𝑟𝑟𝑡𝑡|𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡;𝛩𝛩)
∝ 𝑝𝑝(𝑂𝑂𝑡𝑡|𝐷𝐷1,𝐷𝐷2) ⋅ 𝑝𝑝(𝑂𝑂𝑡𝑡,𝐻𝐻𝑡𝑡;𝛩𝛩)

∫ 𝑝𝑝(𝑂𝑂𝑡𝑡,𝐻𝐻𝑡𝑡;𝛩𝛩)𝑑𝑑𝐻𝐻𝑡𝑡
⋅ 𝑝𝑝(𝑟𝑟|𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡;𝛩𝛩),                (5) 

where 𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡;𝛩𝛩) can be factorized with the Markov property as: 

𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡;𝛩𝛩) = �𝑝𝑝
𝑡𝑡

𝑡𝑡′=1

(𝑜𝑜𝑡𝑡′|ℎ𝑡𝑡′;𝛩𝛩)𝑝𝑝(ℎ𝑡𝑡′|ℎ𝑡𝑡′−1;𝛩𝛩) 

∝ ∏ �∏ 𝑒𝑒𝑒𝑒𝑒𝑒(𝑢𝑢𝑡𝑡′𝑘𝑘1
𝑧𝑧 𝑧𝑧𝑡𝑡′𝑘𝑘1)𝑘𝑘1 ∏ 𝑒𝑒𝑒𝑒𝑒𝑒(𝑢𝑢𝑡𝑡′𝑘𝑘2

𝑧𝑧 𝑧𝑧𝑡𝑡′𝑘𝑘2)𝑘𝑘2 ∏ 𝑒𝑒𝑒𝑒𝑒𝑒(𝑢𝑢𝑡𝑡′𝑘𝑘3
𝑧𝑧 𝑧𝑧𝑡𝑡′𝑘𝑘3)𝑘𝑘3 �𝑡𝑡

𝑡𝑡′=1 .         (6) 

The network generates excitatory neural spikes from 𝑝𝑝(𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡|𝐷𝐷1,𝐷𝐷2;𝛩𝛩) at 𝑡𝑡 based on values of plastic weights. 
𝐿𝐿(𝛩𝛩) can be approximated during the E-step as: 

𝐿𝐿(𝛩𝛩) ≃ 𝑟𝑟𝑡𝑡 ⋅ [𝑙𝑙𝑙𝑙𝑙𝑙 𝑝𝑝 (𝑐𝑐) + 𝑙𝑙𝑙𝑙𝑙𝑙 𝑝𝑝 (𝐷𝐷1,𝐷𝐷2|𝑐𝑐) + 𝑙𝑙𝑙𝑙𝑙𝑙 𝑝𝑝 (𝑂𝑂𝑡𝑡 ,𝐻𝐻𝑡𝑡|𝐷𝐷1,𝐷𝐷2, 𝑐𝑐;𝛩𝛩)].                  (7) 

2.3 Estimation Upon the Cause and Modifications of Parameters 

To modify parameters, the network infers 𝑐𝑐 and gets 𝑟𝑟𝑡𝑡. Instead of the MAP (maximum-a-posteriori) estimation in 
the Bayesian inference [3, 7], the network obtains a point estimation upon 𝑐𝑐 through an unsupervised online distance-
based clustering method [22]. The main idea of this clustering method is introduced here while its detail illustration 
is in our previous study [11]. 

The temporal synaptic trace of the 𝑘𝑘1th excitatory neuron 𝑧̃𝑧𝑡𝑡𝑘𝑘1  performs as a kind of exponential spiking rate 
reflecting information of spikes before 𝑡𝑡  (Eq. (1)). For all the downstream excitatory neurons, a vector  𝑍𝑍𝑡𝑡 =
�𝑧𝑧𝑡𝑡1,⋯ , 𝑧𝑧𝑡𝑡𝐾𝐾1 , 𝑧𝑧𝑡𝑡1,⋯ , 𝑧𝑧𝑡𝑡𝐾𝐾2 , 𝑧𝑧𝑡𝑡1,⋯ , 𝑧𝑧𝑡𝑡𝐾𝐾3 , 𝑧̃𝑧𝑡𝑡1,⋯ , 𝑧̃𝑧𝑡𝑡𝐾𝐾1 , 𝑧̃𝑧𝑡𝑡1,⋯ , 𝑧̃𝑧𝑡𝑡𝐾𝐾2 , 𝑧̃𝑧𝑡𝑡1,⋯ , 𝑧̃𝑧𝑡𝑡𝐾𝐾3� performs as evoked network responses 
for inference. In the distance-based clustering method, the initial sets {𝐶𝐶1,𝐶𝐶2} are blank. To each pair of images, the 
first non-empty 𝑍𝑍𝑡𝑡 is added to the clustering set. Distances between the later 𝑍𝑍𝑡𝑡 and {𝐶𝐶1,𝐶𝐶2} are quantified through 
a re-sampling procedure [22]. These distances are based on samples are feasible for situations with small sample sizes 
[22]. With 𝑅𝑅 re-samples (Table 1), a common threshold 𝑒𝑒𝑡𝑡ℎ𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑜𝑜𝑜𝑜𝑜𝑜�𝑍𝑍𝑡𝑡� is found to quantify the divergence between 
𝑍𝑍𝑡𝑡 and each set. Likelihoods of 𝑍𝑍𝑡𝑡 and {𝐶𝐶1,𝐶𝐶2} are measured through another re-sampling procedure during which 
resampling-based distances below 𝑒𝑒𝑡𝑡ℎ𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑜𝑜𝑜𝑜𝑜𝑜�𝑍𝑍𝑡𝑡�  are compared. With 𝑅𝑅  novel re-samples, a clustering set is 
deemed to have a greater likelihood of matching 𝑍𝑍𝑡𝑡 if a larger proportion of its resampling-based distances falls 
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below 𝑒𝑒𝑡𝑡ℎ𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑜𝑜𝑜𝑜𝑜𝑜�𝑍𝑍𝑡𝑡�. In this way, the network achieves a point estimate upon the hidden cause with evoked neural 
responses. 

In simulations, estimations are assumed to begin from the appearance of paired visual stimuli. When the network 
receives 𝑟𝑟𝑡𝑡 = 0, it is assumed to know the temporal estimation is incorrect and continue to infer the hidden cause. 
Once the network receives 𝑟𝑟𝑡𝑡 = 1, it is assumed to hold its correct estimation and, as a result, realizes visual casual 
inference. With rewards from inference, the network modifies its plastic weights and clustering sets with a reward-
modulated rule. Modifications of weights derive from partial derivatives of 𝐿𝐿(𝛩𝛩) (Eq. (7)). For instance, modifica-
tions of 𝑤𝑤𝑘𝑘1𝑛𝑛1  and𝑣𝑣𝑘𝑘1𝑘𝑘1′  can be approximated as: 

𝛥𝛥𝑤𝑤𝑘𝑘1𝑛𝑛1 ≃ 𝜂𝜂 ⋅ 𝑟𝑟𝑡𝑡 ⋅ 𝑧𝑧𝑡𝑡𝑘𝑘1 ⋅ �𝑥𝑥�𝑡𝑡𝑛𝑛1 − �1 − 1
𝑤𝑤𝑘𝑘1𝑛𝑛1

+ 1
𝑒𝑒𝑒𝑒𝑒𝑒(𝑤𝑤𝑘𝑘1𝑛𝑛1)−1

��

𝛥𝛥𝑣𝑣𝑘𝑘1𝑘𝑘1′ ≃ 𝜂𝜂 ⋅ 𝑟𝑟𝑡𝑡 ⋅ 𝑧𝑧𝑡𝑡𝑘𝑘1 ⋅ �𝑧̃𝑧𝑡𝑡𝑘𝑘1′ − �1 − 1
𝑣𝑣𝑘𝑘1𝑘𝑘1′

+ 1
𝑒𝑒𝑒𝑒𝑒𝑒(𝑣𝑣𝑘𝑘1𝑘𝑘1′

)−1
��

,                     (8) 

where 𝜂𝜂 is the learning rate (Table 1). Modifications of other plastic weights can be expressed, similarly. 
Adaptations of clustering sets are cautious. During training, only 𝑍𝑍𝑡𝑡 making the first correct inference will be 

added to the corresponding clustering set. Each set removes redundant components with a First-In-First-Out (FIFO) 
policy once its size exceeds the limitation 𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐 (Table 1). 

3. Results 

3.1 Network Performance 

In the previous experiment, periods between target onset and button press are regarded as reaction times to quantify 
performance of subjects [23]. To evaluate network performance in visual causal inference, the interval from stimulus 
onset to the first correct inference is marked as the inference duration. Upon each value of 𝑐𝑐, inference durations are 
collected over testing simulations. The empirical distributions of inference durations are measured by histograms and 
error bars (Fig. 2). The trained network completes inference within 15 time steps across all the causal states, demon-
strating acceptable performance in the designed task. 

 
Figure 2. Inference durations upon the hidden cause. (A) Histograms of inference durations. (B) Error bars of inference dura-

tions. Circles are historical data of inference durations over testing simulations. 

3.2 Network responses 

Across two values of 𝑐𝑐, excitatory neural responses are compared to measure the neural responding sparseness [24]. 
In the 𝑙𝑙th testing simulation, if the 𝑘𝑘1th excitatory neuron generates its spikes at �𝑡𝑡𝑘𝑘1𝑙𝑙

(1), 𝑡𝑡𝑘𝑘1𝑙𝑙
(2),⋯�, its temporal spiking 

rate can be calculated as: 

𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑘𝑘1(𝑙𝑙, 𝑡𝑡) = ∑ 1

�2𝜋𝜋𝜎𝜎rate
2𝑡𝑡𝑘𝑘1𝑙𝑙

(𝑔𝑔)<𝑡𝑡 𝑒𝑒𝑒𝑒𝑒𝑒 �−
�𝑡𝑡−𝑡𝑡𝑘𝑘1𝑙𝑙

(𝑔𝑔)�
2

2𝜎𝜎rate
2 �                         (9) 
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where 𝜎𝜎rate
2  is the variance in the Gaussian function (Table 1). With averaged values of 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑘𝑘1(𝑙𝑙, 𝑡𝑡) over time and 

simulations for two causal states marked as 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑘𝑘11 and 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑘𝑘12, responding sparseness of the 𝑘𝑘1th neuron is quan-
tified by 𝑠𝑠𝑘𝑘1 [24]: 

𝑠𝑠𝑘𝑘1 = 1 −
�
𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑘𝑘11+𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑘𝑘12

2 �
2

�𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑘𝑘11�
2
+�𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑘𝑘12�

2

2

,                                         (10) 

where a statistic 𝑠𝑠𝑘𝑘1  close to 1 indicates the neuron generates sparse responses during the visual causal inference. 
For each downstream excitatory neuron, its responding sparseness can be measured by Eq. (10). Through the reward-
modulated learning, neurons with sparse responses emerge in different downstream excitatory groups (Fig. 3A). 

Temporal spiking rates of excitatory neural groups are averaged values of neural temporal spiking rates over in-
cluded neurons, marked as variables {𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒(𝑖𝑖)(𝑙𝑙, 𝑡𝑡), 𝑖𝑖 =  1,2,3} . For {𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒(𝑖𝑖)(𝑙𝑙, 𝑡𝑡), 𝑖𝑖 =  1,2,3} , their standard vari-
ances over simulations are measured to explore neural variability [16]. The trained network can simulate basic phe-
nomena of neural variability quenching in all the excitatory neural groups during the visual causal inference         
(Fig. 3B). 

 
Figure 3. Network responses in visual causal inference. (A) Neural sparseness. (B) Neural variability quenching. 

4. Conclusion 

Experimental observations have demonstrated that causal inference involves neural communication [2, 4, 5]. Proba-
bilistic inference is suitable for exploring causal inference [3, 6, 7]. To incorporate neural communication into the 
probabilistic framework, this paper designs an HMM-based spiking neural network for basic visual causal inference. 
Compared to the MAP estimate in Bayesian causal inference [3, 7], the network employs a distance-based clustering 
method for the point estimation of the hidden cause. Compared with previous WTA networks [14, 15, 21], the network 
incorporates both neural spikes and rates into the distance-based framework for causal inference. Based on inference, 
the network modifies its parameters through a reward-modulated rule during training. The trained network achieves 
acceptable performance through the distance-based method, simulating sparse coding and neural variability quench-
ing. The HMM-based spiking neural network provides a unified probabilistic framework for sparse coding, neural 
variability quenching, and visual causal inference. 
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